
TECHNICAL REPORT 

ON 
NASA GRANT NGR 19-00 1-059 

ANALYSIS of THE INTERACTION of ABLATING PROTECTION 
SYSTEMS AND STAGNATION REGION HEATING 

Part I: Formulation, Derivation and Development of the Analysis of the Interaction of 

Ablating Protection Systems and Stagnation Region Heating 

by 

C. D. Engel, D. D. Esch 

R. C. Farmer, R. W. Pike 

Department of Chemical Engineering 

NASA-RFL TR-70- I 

January I ,  1970 

LOUISIANA STATE UNIVERSITY 



R e a c t i n g  F l u i d s  L a b o r a t o r y  
D e p a r t m e n t  of C h e m i c a l  E n g i n e e r i n g  

L o u i s i a n a  S t a t e  U n i v e r s i t y  
B a t o n  R o u g e ,  L o u i s i a n a  

TECHNICAL REPORT 

FORMULATION, DERIVATION AND DEVELOPMENT 
OF THE ANALYSIS O F  THE INTERACTION O F  

ABLATING PROTECTION SYSTEMS AND 
STAGNATION REGION HEATING 

C. D. E n g e l ,  R e s e a r c h  A s s o c i a t e  
D. D. E s c h ,  R e s e a r c h  A s s o c i a t e  
R .  C .  F a r m e r ,  A s s o c i a t e  Professor  
R .  W. Pike, A s s o c i a t e  Professor 

N.A.S ,A.  G r a n t  NGR 1 9 - 0 0 1 - 0 5 9  

ANALYSIS O F  THE INTERACTION O F  ABLATING PROTECTION SYSTEMS 
AND STAGNATION REGION HEATING 

NASA - R F L  - TR 7 0 - 1  

January 1, 1 9 7 0  



Photograph of a b lun t  body i n  a mu l t ip l e  a r c  
j e t  wind tunnel  showing the  ionized shock 
l a y e r  about the body. (Mach no. 7 )  
Courtesy o f :  T. A ,  Barr ,  J r . ,  U.  S .  Army 
M i s s i l e  Command, Redstone Arsenal ,  Alabama, 
1969. 

Photograph of a c ros s  s e c t i o n  of a nylon- 
phenolic  r e s i n  a b l a t o r .  Courtesy o f ;  
C .  W. Stroud,  NASA TN D-4817, 1968. 





TABLE OF CONTENTS 

ABSTRACT 

NOMENCLATURE 

SECTION 

I. CONSERVATION EQUATIONS OF A MULTICOMPONENT, RADIATING, 

CHEMICALLY REACTING FLUID 

11. CONSERVATION EQUATIONS IN GENERAL ORTHOGONAL COORDINATES 

111. CONSERVATION EQUATIONS IN BODY OIRIENTED COORDINATES 

IV. THIN VISCOUS SHOCK LAYER EQUATIONS 

V. TRANSPORT AND THERMODYNAMIC PROPERTIES 

VI. SUMMARY 

APPENDIX A. DERIVATION OF SPECIES DIFFUSION FLUXES AS AN 

EXPLICIT FUNCTION 

APPENDIX B. CORRELATION OF BIFURCATION FACTOR AND BINARY 

DIFFUSION COEFFICIENTS 

APPENDIX C. SIMPLIFICATION OF THE RELATIONSHIP FOR EVALUATION 

OF EFFECTIVE MULTICOMPONENT DIFFUSION COEFFICIENTS 

Page - 

1 

I 1  

DISTRIBUTION 



ABSTRACT 

The conserva t ion  equat ions f o r  a multicomponent, r a d i a t i n g ,  

chemically r e a c t i n g  f l u i d  i n  l o c a l  thermodynamic equi l ibr ium a r e  

der ived .  From t h e  conservat ion equat ions  the  t h i n  shock l a y e r  

equat ions a r e  developed. These equat ions app ropr i a t e ly  desc r ibe  the  

flow i n  a shock l a y e r  produced by a b l u n t  body dur ing  a hyperbol ic  

e n t r y ,  atmospheric encounter.  Spec ia l  a t t e n t i o n  is  given t o  r a d i a t i o n ,  

chemical r e a c t i o n  and mass t r anspor t  f l uxes .  S tagnat ion  l i n e  equat ions  

a r e  der ived from the  shock l a y e r  equat ions  by tak ing  appropr i a t e  l i m i t s  

and a r e  discussed from a mathematical view po in t  a s  i n i t i a l  cond i t i ons  

f o r  the  shock l a y e r  equat ions .  Boundary condi t ions  f o r  t hese  equat ions  

a r e  der ived and d iscussed  i n  the  l i g h t  of  a b l a t o r  response coupling 

wi th  the  f low-f ie ld .  
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NOMENCLATURE * 

E n g l i s h  

- 
B P r o p e r t y  f l u x  v e c t o r  ( p r o p e r t y  x L ) / ( L ~  x t)+ 

Bv P l a n c k i a n  r a d i a t i o n  i n t e n s i t y  (m/t2 x n o ,  of  p a r t i c l e s )  

f3 P r o p e r t y  g e n e r a t i o n  t e r m  ( p r o p e r t y ) / ( ~ 3  x t )  

b Genera l i zed  p r o p e r t y  p e r  u n i t  mass term (property/m) 

Ci Mass f r a c t i o n  (mass o f  I / u n i t  mass o f  f l u i d )  

C V e l o c i t y  o f  1 i g h t  (L / t )  

Cp S p e c i f i c  h e a t  a t  c o n s t a n t  p r e s s u r e  ( ~ 2 / t 2  x T) 

Dij Multicomponent d i f f u s i o n  c o e f f i c i e n t  ( ~ ~ / t )  

E f f e c t i v e  mu1 t icomponent d i f f u s i o n  c o e f f i c i e n t  (~*/t) 

Thermal d i f f u s i o n  c o e f f i c i e n t  ( m / ~  x t) 

Binary  d i f f u s i o n  c o e f f i c i e n t  ( L 2 / t )  

S t a g n a t i o n  i n t e r n a l  e n e r g y  (mL2/t2) 

S t r a i n  t e n s o r  ( d e f i n e d  i n  E q ,  2.18) ( l / t )  

D i f f u s i o n  f a c t o r  f o r  s p e c i e  i 

v e l o c i t y  f u n c t i o n ,  U / U ~  

Photon d i s t r i b u t i o n  f u n c t i o n  (no .  of  photons x t ) / ~ ~  

Gibbs free e n e r g y  (mL2/t2 x mole of j ) 

G r a v i t a t i o n a l  f o r c e  v e c t o r  a c t i n g  on a  u n i t  mass o f  s p e c i e  i ( ~ / t ~ )  

En tha lpy  f u n c t i o n ,  H / H S  

T o t a l  e n t h a l p y ,  H = h + VT2 ( L 2 / t 2 )  



h S t a t i c  e n t h a l p y ,  h = IU + P/p ( L 2 / t 2 ) ,  a l s o  P l a n c k ' s  c o n s t a n t  

hi, h2, h3 S t r e t c h i n g  f u n c t i o n s  i n  t h e  El, c2, t3 d i r e c t i o n s  r e s p e c t i v e l y  C 

4 Mass f l u x  v e c t o r  o f  s p e c i e s  i (m/L2 x t )  

JI R a d i a t i v e  e m i s s i o n  term d e f i n e d  i n  E q .  1 . 2 3  ( m / t 2  x L) 

k c o e f f i c i e n t  o f  t he rma l  c o n d u c t i v i t y  w i t h o u t  d i f f u s i o n  e f f e c t s  ( m ~ / t ~  x t )  

O r d i n a r y  c o e f f i c i e n t  o f  t h e r m a l  c o n d u c t i v i t y  (mL/t3 x T) 

Bol tzmann '  s C o n s t a n t  ( m L 2 / t 2 ~ )  

G e n e r a l i z e d  t r a n s p o r t  c o e f f i c i e n t  ( p r o p e r t y / L  x  t x  d r i v i n g  f o r c e )  

M o l e c u l a r  w e i g h t  o f  s p e c i e s  i (mass o f  i / m o l e  o f  i ) 

Number d e n s i t y  ( p a r t i c l e s / ~ 3 )  

M o l a l  volume (moles of  i /L3) 

M o l a l  d e n s i t y  ( t o t a l  moles/L3) 

U n i t  normal  v e c t o r  

S t a t i c  p r e s s u r e  (m/L x t 2 )  o r  ( p h 2 ) #  

P r a n d t l  number, Cpp/k 

R a d i a t i v e  stress t e n s o r  d e f i n e d  by E q .  1 .12  (m/L x t2) 

I n t e r n a l  e n e r g y  p e r  u n i t  mass ,  i n c l u d i n g  c h e m i c a l  e n e r g y  (L2 / t2 )  

R a d i a t i v e  h e a t  f l u x  v e c t o r  d e f i n e d  b y  E q .  1 .22  ( m / t 3 )  o r  ( E / L ~  x t)/\ 

C o n v e c t i v e  e n e r g y  f l u x  t o  a s u r f a c e  (m/t3) 

R a d i a t i v e  e n e r g y  f l u x  t o  a s u r f a c e  (m/t3) 

D i f f u s i o n a l  e n e r g y  f l u x  v e c t o r  dcE ined  by E q .  1 .13  (? / t3)  

Body nose  r a d i u s  (L) 

Reyno lds  number, p,, lJe@ R / ~ S l o  



u n i v e r s a l  g a s  c o n s t a n t  (mL3/t2 x T x n a  of moles) 

I R A  , mean molecu la r  weight  weighted g a s  c o n s t a n t  ( ~ * / t *  x T) 

C y l i n d r i c a l  body r a d i u s  d e f i n e d  i n  F ig .  3 . 1  (L) 

I n d u c t i o n  o r  r e s i s t a n c e  energy  g e n e r a t i o n  term d e f i n e d  by ~ q .  1.12 (J,,2/c3) 

Thermodynamic t empera tu re  (T) 

Time ( t )  

F rees t ream v e l o c i t y  ( ~ / t )  

S p e c t r a l  r a d i a n t  energy  d e n s i t y  (m/L x t x no. of p a r t i c l e s )  

- 
Component o f  V i n  t h e  (, d i r e c t i o n  ( p a r a l l e l  t o  t h e  body s u r f a c e )  ( ~ / t )  

Volume ( ~ 3 )  

V e l o c i t y  v e c t o r ,  UT + V S  + w ( ~ / t )  

- 
V Component o f  V i n  t h e  t2 d i r e c t i o n  (normal t o  t h e  body s u r f a c e )  ( L / t )  

- 
W Component o f  V i n  t h e  c3 d i r e c t i o n  ( L / t )  

X Body o r i e n t e d  c o o r d i n a t e  cor responding  t o  t, (L) 

y Body o r i e n t e d  c o o r d i n a t e  cor responding  t o  t2 (L) 

Mole f r a c t i o n  o f  s p e c i e s  i , Yi = n@+ , CY, = I 
1 

Z Body o r i e n t e d  c o o r d i n a t e  cor responding  t o  t3 (L) 

Greek 

Qv Volumetr ic  a b s o r p t i o n  c o e f f i c i e n t ,  e f f e c t i v e  (L* x no. of p a r t i c l e s / ~ 3 )  

p Genera l i zed  p r o p e r t y ,  (mass, momentum, o r  energy/L3) 

Del o p e r a t o r  ( d e f i n e d T a b .  3.1) ( l / L )  

8 Shock detachment d i s t a n c e  (L) 

3  



Transformed shock detachment d i s t a n c e  

Exponen t i a l  i n t e g r a l  f u n c t i o n  o f  o r d e r  n d e f i n e d  by Eq, 4.51 

D i f f e r e n c e  between t h e  body and shock a n g l e  E = 8-- ( r a d i a n s )  

2 2 
C h a r a c t e r i s t i c  i n t e r a c t i o n  e n e r g y  ( a  Lennard-Jones parameter)  (rnL / t  ) 

D i s t a n c e  a l o n g  a n  a r c  (L) 

Dorodni tzyn v a r i a b l e  

Body a n g l e  ( r a d i a n s )  

2 
I n t e g r a l  of  f , (where f is  t h e  v e l o c i t y  f u n c t i o n )  

I n t e g r a l  of  f , (where f is  t h e  v e l o c i t y  f u n c t i o n )  

S p e c t r a l  r a d i a t i o n  i n t e n s i t y  (m/t2 x  no. o f  p a r t i c l e s  x no. o f  s t e a r d i a n s )  

Uni t  t e n s o r  

D i r e c t  i o n  c o s i n e  

Absorp t ion  c o e f f i c i e n t  (L2 x  no. o f  p a r t  i c l e s l ~ 3 )  

Loca l  body c u r v a t u r e  ( l / L )  

I +  K y  

D i f f u s i o n a l  o r  r a d i a t i v e  f l u x  d i v e r g e n c e  ( s e e  Eq, 4.1) (m/L x  t 2 )  

(P- 2 /3 tL )  ( m / ~ x  t )  

xy Mi mean molecu la r  we igh t  of  t h e  mix tu re  (nr o f  mixture lmole  o f  mix tu re )  
i 

O r d i n a r y  v i s c o s i t y  (m/L x  t )  

Bulk v i s c o s i t y  (m/L x  t )  

Frequency ( l l t )  

Or thogonal  c o o r d i n a t e $  ; nondimensional  X- c o o r d i n a t e  when n o t  s u b s c r i p t e d  

D e n s i t y  (rn/L3) P = 



Pi P a r t i a l  d e n s i t y  o f  s p e c i e s  i, Pi = niMi (m of  i h3) 

P D e n s i t y  r a t i o  a c r o s s  shock Pw/ps 

C R a d i a t i v e  a b s o r p t i o n  c r o s s  s e c t i o n  (L2) 

0 

Ci C o l l i s i o n  d i a m e t e r  o f  s p e c i e  i, A (L) 

Ty O p t i c a l  d e p t h  a t  f requency  I/ 

s 
T Viscous s t r e s s  t e n s o r  d e f i n e d  by Eq. 2 . 1 8  ( m / ~  X t 2 )  

shock a n g l e  ( r a d i a n s )  

f tm Genera l i zed  d r i v i n g  f o r c e  ( d r i v i n g  f o r c e / l )  

Uni t  v e c t o r  i n  t h e  d i r e c t i o n  of  photon p ropoga t ion  

f i l s  C o l l i s i o n  i n t e g r a l  o f  c o l l i d i n g  s p e c i e s  i and j 'I 

Wi Genera t ion  o f  s p e c i e s  i (m/L3 x t )  

S u b s c r i p t s  

a Atmospheric ( s e a  l e v e l )  q u a n t i t i e s  

e Edge c o n d i t i o n s  

i S p e c i e s  i 

n Normal component 

t T a n g e n t i a l  component o r  t o t a l  q u a n t i t y  

,,, Wall q u a n t i t i e s  

0 S t a g n a t i o n  l i n e  q u a n t i t i e s  

I, 2 ,3 D i r e c t  i o n s  c o r r e s p o n d i n g  t o  p o s i t i v e  El , E p  , t3 r e s p e c t  i v e l y  

00 F r e e s t r e a m  c o n d i t i o n s  

s Q u a n t i t i e s  immediate ly  behind t h e  shock 



D D i f f u s i o n  

g G r a v i t a t  i o n a l  

P P r e s s u r e  

A 0 o r  1 d e n o t i n g  two-dimensional  o r  a x i s y m e t r i c  r e s p e c t i v e l y  (an  exponent)  

T Thermal 

* Denotes d imens iona l  v a r i a b l e s  i n  S e c t i o n  I V  

0 Standard  s t a t e  q u a n t i t y  

S c r i p t  l e t t e r s  

4 P a r t i a l  mola l  e n t h a l p y  ( m ~ ~ / t ~  x moles o f  i ) 

Molal e n t h a l p y  ( m ~ ~ / t ~ /  x t o t a l  moles) 

* Symbols no t  l i s t e d  a r e  d e f i n e d  where u s e d .  

+ A b b r e v i a t i o n s  mean: m y  mass; L ,  l e n g t h ;  t ,  t i m e ;  T,  t e m p e r a t u r e ;  F ,  f o r c e ;  
E ,  ene rgy .  

c The p roduc t  hi ti h a s  u n i t  of  L.  

# Note gc = ( m ~ / t ~  x F) and J = (FL/E) have been used.  



SECTION I 

CONSERVATION EQUATIONS OF A MULTICOMPONENT, RADIATING, CHEMICALLY PiEACTING FLUID 

The c o n s e r v a t i o n  laws f o r  mass, momentum, and e n e r g y  w i l l  be p resen ted  

f o r  a continuum, multicomponent f l u i d  whose i n t e r n a l  d e g r e e s  of  freedom a r e  i n  

thermodynamic e q u i l i b r i u m .  The assumpt ion of thermodynamic e q u i l i b r i u m  i m -  

p l i e s  t h a t  no m a t t e r  how s m a l l  a  volume o f  f l u i d  we a r e  i n t e r e s t e d  i n  t h e r e  

a r e  enough molecules  w i t h i n  t h e  volume t o  g i v e  meaningful  ave rage  p r o p e r t i e s  

and t h a t  r e g a r d l e s s  of t h e  f low v e l o c i t i e s  o f  i n t e r e s t  a t empera tu re  may be 

a s c r i b e d  t o  t h e  f l u i d .  T h i s  i s  r o u g h l y  e q u i v a l e n t  t o  assuming t h e  f i r s t  

p o s t u l a t e  o f  nonequ i l ib r ium thermodynamics, s e e  F i t t s  R e f .  1.1. 

A g e n e r a l  p r o p e r t y  ba lance  can  be made on a n  e lement  o f  volume 

moving w i t h  t h e  s t r e a m  v e l o c i t y  similar t o  t h a t  o f  Brodkey, Ref .  1 . 2 .  The 

p r o p e r t y  ( mass, momentum, o r  e n e r g y  ) per  u n i t  volume is  d e s i g n a t e d  by P .  - 
The f l u x  of  a p r o p e r t y  through a c o n t r o l  s u r f a c e  i s  denoted by B ( p r o p e r t y  x  

l e n g t h )  / (volume x  time), and t h e  g e n e r a t i o n  of a  p r o p e r t y  w i t h i n  t h e  con- 

t r o l  volume is denoted by l B ( p r o p e r t y )  / ( volume x t ime  ). The d i f f e r e n t i a l  

form o f  t h e  g e n e r a l  p r o p e r t y  b a l a n c e  c a n  be w r i t t e n  i n  terms o f  t h e  above d e f -  

i n i t  i o n s .  

As s t a t e d  t h e  g e n e r a l  p r o p e r t y  ba lance  e q u a t i o n  w a s  d e r i v e d  f o r  a mov- 

i n g  c o n t r o l  volume. F o r  a c o n t r o l  volume s t a t i o n a r y  i n  space  t h e r e  i s  a  con- 

v e c t i v e  f low through t h e  c o n t r o l  c a l  t o  t h e  rnotio 

a s s o c i a t e d  w i t h  the  c o n t r o l  volu  t h e  g e n e r a l  ba lance  

i s  d e r i v e d  f o r  a  moving c o n t r o l  volume i t  may be used f o r  a  f i x e d  c o n t r o l  vo l -  - 
ume, w i t h  B m a i n t a i n i n g  e x a c t l y  i t s  same d e f i n i t i o n .  T h i s  a l l o w s  B t o  

be i n t e r p r e t e d  as a  d i f f u s i v e  f l o w .  T h i s  i s  obvious  f o r  t h e  moving c o n t r o l  

volume, bu t  t h e  p r a c t i c e  of  lumping a l l  k inds  o f  e f f e c t s  i n t o  t h i s  e l u s i v e  

f l u x  term f o r  a  f i x e d  c o n t r o l  volume e f f e c t i v e l y  r e d e f i n e s  B a s  a  c a t c h - a l l .  

T h e r e f o r e ,  t h e  g e n e r a l  ba lance  e q u a t i o n  i s  s t a t e d  i n  t h e  form f o r  a moving 

c o n t r o l  volume, bu t  i t  is f u l l y  in tended  t o  be used t o  d e s c r i b e  a  s t a t i o n -  

a r y  volume i n  s p a c e .  

The g e n e r a l  p r o p e r t y  b a l a n c e  Eq. 1.1 can a l s o  be w r i t t e n :  



The meaning o f  t h e s e  t e rms  is :  

(1) The a c c u m u l a t i o n  o f  P w i t h i n  a c o n t r o l  volume (C.V.) 

(2) The c o n v e c t i v e  f l o w  o f  P t h r u  t h e  C.V. 

(3)  The d i l a t i o n  oE t h e  f l o w  t h r u  t h e  C  .V . ,  i . e  . t h e  change  o f  P 
when t h e  f l u i d  is  compressed  o r  expanded 

(4) The d i f f u s i o n a l  f l u x  i n t o  and o u t  o f  t h e  C.V. 

(5) The g e n e r a t i o n  o f  P w i t h i n  t h e  C.V. 

Using  Eq.  1 . 2  and s p e c i f y i n g  PI 8, and IB we now c a n  w r i t e  t h e  con -  

s e r v a t i o n  e q u a t i o n s .  C o n s i d e r  f i r s t  t h e  c o n s e r v a t i o n  o f  mass b y  s p e c i f y i n g  - P = p (mass  / volume) , B = IB = 0. 
S u b s t i t u t i o n  i n t o  Eq. 1 . 2  y i e l d s  

C o n t i n u i t y :  

B e f o r e  p r o c e e d i n g  t o  t h e  o t h e r  c o n s e r v a t i o n  e q u a t i o n s  l e t  u s  r e w r i t e  t h e  gen -  

e r a l  p r o p e r t y  b a l a n c e  e q u a t i o n  i n  a n o t h e r  form b y  s u b s t i t u t i n g  P = bP i n t o  

Eq .  1 . 2 ,  By u s i n g  t h i s  s u b s t i t u t i o n  and n o t i n g  t h e  c o n t i n u i t y  e q u a t i o n  a p -  

p e a r s  as a p r o d u c t  o f  b, t h e  g e n e r a l  p r o p e r t y  b a l a n c e  r e l a t i o n  c a n  b e  ex- 

p r e s s e d  as: 

T h i s  e q u a t i o n  w i l l  b e  u s e d  t o  e v a l u a t e  t h e  r e m a i n d e r  o f  t h e  c o n s e r v a t i o n  eq- 

u a t  i o n s .  

C o n s i d e r  now s p e c i e s  c o n s e r v a t i o n  b y  s p e c i f y i n g  

where 

db + gl) is  t h e  s u b s t a n t i a l  d e r i v a t i v e  o f  b which  e q u a l s  -- + VeVb.  
Bt d P 



S u b s t i t u t i o n  of the  above r e l a t i o n s  i n t o  Eq. 1 .4 y i e l d s  

Species Cont inui ty :  

Let us accept  the second pos tu l a t e  of thermodynamics of i r r e v e r s i b l e  processes  

which s t a t e s  t h a t  i f  the  f l u i d  i s  not t o o  f a r  from equi l ibr ium,f luxes  and cur-  

r e n t s  a r e  l i n e a r  homogeneous func t ions  of t he  d r i v i n g  f o r c e .  Using t h i s  

pos tu la te  the  mass f l u x  vec tor  of spec i e  i , Eq. 1 .5 ,  can be w r i t t e n  as t h e  

sum of con t r ibu t ing  vec to r s .  

where 

Llm= Transport  Coe f f i c i en t  

%= Driving Force 

and where subsc r ip t  " D " i nd i ca t e s  d i f f u s i o n a l  t r a n s p o r t  c o e f f i c i e n t s .  

The number of necessary terms t o  cons ider  can only  be discussed i n  r e f -  

erence t o  a  p a r t i c u l a r  a p p l i c a t i o n .  Four terms a r e  s t a t e d  below from Bird e t  

a, Ref. 1.3,  f o r  cons idera t ion .  

where 

n, ; Concentrat ion i n  t o t a l  no. of moles/volume ( C i n  R e f .  1.3) 

Yj Mole f r a c t i o n  ( X- i n  Ref.  1 .3)  d 



Gj = Gibbs '  f r e e  e n e r g y  

Dii - Multicomponent d i f f u s i o n  c o e f f i c i e n t  

Thermal d i f f u s i o n  c o e f f i c i e n t  

Eq. 1 . 7  e x p r e s s e s  t h e  mass d i f f u s i o n  v e c t o r .  S ince  t h e  d r i v i n g  f o r c e  

is of  t h e  same measure a s  t h e  f l u x ,  t h e y  a r e  c a l l e d  "conjugate" .  The conjug-  

a t e  t r a n s p o r t  c o e f f i c i e n t s ,  L a a ,  a r e  t h e  l a r g e s t ,  i . e .  mass i s  d i f f u s e d  p r i -  

m a r i l y  by mass c o n c e n t r a t i o n  g r a d i e n t s .  E q ' s .  1 .8 ,  1 . 9 ,  and 1.10 r e p r e s e n t  

t h e  mass f l u x  v e c t o r  c o n t r i b u t i o n  from the rmal  d i f f u s i o n ,  p r e s s u r e  d i f f u s i o n ,  

and f o r c e d  d i f f u s i o n  r e s p e c t i v e l y .  There  a r e  a l s o  f l u x e s  due t o  i n e r t i a  and 

v i s c o u s  t e rms ,  b u t  t h e y  a r e  v e r y  small, s e e  appendix  i n  F i t t s  Ref .  1.1. E l e c -  

t r i c a l  and magnet ic  e f f e c t s  can  a l s o  c r e a t e  f l u x e s .  

The d e f i n i t i o n  of f l u x  a s  a  l i n e a r  f u n c t i o n  o f  c o e f f i c i e n t s  and poten- 

t i a l s  and t h e  r e a l i z a t i o n  t h a t  f l u x e s  a r e  t e n s o r s  of  v a r i o u s  r a n k s  l e a d s  one 

t o  s p e c u l a t e  oq what type  o f  c r o s s  e f f e c t s  can e x i s t .  C u r i e ' s  theorem s t a t e s  

t h a t  " f l u x e s  whose t e n s o r i a l  c h a r a c t e r s  d i f f e r  by a n  odd i n t e g e r  canno t  i n t e r -  

a c t  i n  i s o t r o p i c  sys tems ," R e f .  1.1. T h i s  means t h a t  t h e  mass f l u x  t e n s o r  and 

t h e  h e a t  f l u x  t e n s o r  which a r e  b o t h  v e c t o r s  a r e  not  coupled t o  t h e  r e a c t i o n  

r a t e  t e n s o r  ( a  s c a l a r ) ,  o r  t h e  momentum f l u x  t e n s o r  (a  second o r d e r  t e n s o r )  

b u t  may be coupled t o  each  o t h e r .  Also ,  i t  should  be observed t h a t  momentum 

f l u x  t e n s o r  e i t h e r  as a second o r d e r  t e n s o r  o r  i n  c o n t r a c t e d  form as a ~ c a l a r  

may be coupled t o  t h e  r e a c t i o n  r a t e  t e n s o r .  

With t h e  f o r e g o i n g  i n f o r m a t i o n  i n  mind c o n s i d e r  t h e  c o n s e r v a t i o n  o f  

momemtum. For  s u b s t i t u t i o n  i n t o  t h e  g e n e r a l  ba lance  e q u a t i o n  

I 

Using Eq.  1 . 4  f o r  momentum c o n s e r v a t i o n  y i e l d s  

Momentum: 

b== 

Note t h a t  i n  the  above e q u a t i o n  t h e  r a d i a t i v e  p r e s s u r e  t e n s o r ,  PR , i s  i n -  

c luded f o r  comple teness .  T h i s  term is n e g l i g i b l e  f o r  p r a c t i c a l l y  a l l  non- 



n u c l e a r  p rob lems .  

L e t  u s  now a p p l y  t h e  g e n e r a l  b a l a n c e  e q u a t i o n  t o  c o n s e r v a t i o n  o f  e n e r g y  

by s p e c i f y i n g  

b = + $ + 1pi  9 0 g, = E ( e n e r g y  / mass) 
i 

- 
I3 = (4, ( e n e r g y  / volume) ( l e n g t h  / t i m e )  

- SP ( e n e r g y  / volume - t i m e )  

- ,, g e n e r a t i o n  by  r a d i a t i o n  + p r e s s u r e  t e n s o r s  + e x t e r n a l  f o r c e s  
+ h e a t  s o u r c e s  i n t e r n a l  t o  t h e  C.V.; i . e ,  i n d u c t i o n  h e a t i n g ,  
r e s i s t a n c e  h e a t i n g ,  e t c .  

S u b s t i t u t i o n  o f  t h e  above  i n t o  E q .  1 . 4  y i e l d s  t h e  t o t a l  i n t e r n a l  e n e r g y  form 

o f  t h e  e n e r g y  e q u a t i o n  

where 

- 
9, 

- - d i f f u s i o n a l  h e a t  f l u x  v e c t o r  

- - 
q R  

- r a d i a t i v e  h e a t  f l u x  v e c t o r  

xqieG = h e a t  g e n e r a t e d  i n  t h e  s y s t e m  by a g r a v i t a t i o n a l  f i e l d  

i 

L e t  u s  i n v e s t i g a t e  f u r t h e r  t h e  d i f f u s i o n a l  and  r a d i a t i v e  h e a t  f l u x  

v e c t o r s .  Aga in  impos ing  r e s t r i c t i o n s  f rom thermodynamics  o f  i r r e v e r s i b l e  

p r o c e s s e s ,  t h e  d i f f u s i o n a l  h e a t  f l u x  v e c t o r  may b e  w r i t t e n  as a sum o f  v e c t o r s  

where 

LT2 %2 
- -- e n e r g y  t r a n s p o r t  due  t o  t-he Dufour  e f f e c t  



The LTIyl term i s  t h e  con juga te  term f o r  t h i s  f l u x  v e c t o r .  It should be 

noted however t h a t  t h e  r i g h t  hand s i d e  d e f i n i t i o n  i s  an a r b i t r a r y  one.  The 

Dufour e f f e c t  w i s e s  due t o  t h e  c o n s i d e r a t i o n  of t he  S o r e t  e f f e c t  i n  mass 

d i f f u s i o n .  A d d i t i o n a l  c r o s s  e f f e c t s  from o t h e r  c o e f f i c i e n t s  and p o t e n t i a l s  

w i l l  not  be cons idered .  

R a d i a t i v e  t r a n s f e r  o f  h e a t  i s  propogated i n  an  e n t i r e l y  d i f f e r e n t  

manner t h a n  d i f f u s i o n a l  h e a t  t r a n s f e r .  D i f f u s i o n a l  h e a t  t r a n s f e r  mechanism 

depends on g r a d i e n t s  i n  t h e  g a s ,  such as tempera tu re ,  s p e c i e s ,  p r e s s u r e  o r  

e x t e r n a l  f o r c e s  as po in ted  o u t  by Planck,  Ref .  1.4. R a d i a t i v e  t r a n s f e r  o f  h e a t  

i s  i n  i t s e l f  e n t i r e l y  independent o f  t h e s e  g r a d i e n t s  i n  t h e  medium through 

which i t  passes .  I n  g e n e r a l ,  r a d i a t i o n  is  a  f a r  more complicated phenomenon 

t h a n  d i f f u s i o n a l  h e a t  t r a n s f e r .  The r e a s o n  f o r  t h i s  i s  t h a t  t h e  s t a t e  o f  t h e  

r a d i a t i o n  a t  a g iven  i n s t a n t  and a t  a g iven  p o i n t  o f  t h e  g a s  c a n  n o t  be r e p r e -  

sen ted  by a s i n g l e  v e c t o r  as t h e  d i f f u s i o n a l  mechanisms can.  A l l  r a d i a t i v e  

energy  r a y s  which a t  a  g iven  t ime pass  through t h e  same p o i n t  i n  a g a s  are 

independent o f  each o t h e r .  There fore ,  t o  s p e c i f y  comple te ly  t h e  s t a t e  o f  t h e  

r a d i a t i o n  a t  a p o i n t  t h e  r a d i a t i o n  i n t e n s i t y  must be known i n  a l l  d i r e c t i o n s  

which pass  through t h e  p o i n t  under  c o n s i d e r a t i o n .  

S p e c i a l  a t t e n t i o n  w i l l  now be g iven  t o  t h e  development o f  t h e  r a d i a t i v e  

f l u x  and f l u x  d ivergence  terms which a r e  needed i n  t h e  e v a l u a t i o n  o f  e n e r g y  

c o n s e r v a t i o n .  S t a r t i n g  w i t h  t h e  b a s i c  concep t s  of r a d i a t i v e  t r a n s f e r  i n  an  

absorb ing  and e m i t t i n g  medium, Ref.  1 . 4  and 1 . 5 ,  a d e f i n i t i o n  o f  t h e  s p e c t r a l  ra- 

d i e n t  energy  d e n s i t y  is developed,  

L e t  f(Y,<al,t)d~da be t h e  number o f  photons i n  t h e  f requency  i n t e r -  

v a l  U t o  U + &, con ta ined  a t  t ime t .in t h e  ement d v  l o c a t e d  - 
about  t h e  p o i n t  r, and hav ing  a d i r e c t i o n  of motion w i t h i n  an  e lement  of s o l i d  

angle  da about  t h e  u n i t  v e c t o r  nl . The f u n c t i o n  f is c a l l e d  t h e  d i s -  

t r i b u t i o n  f u n c t i o n .  For t h i s  d e f i n i t i o n  t o  be meaningful  t h e  l i n e a r  d imensions  

o f  t h e  volume element  must be l a r g e r  t h a n  t h e  l a r g e s t  wavelength C / U .  

Each photon possesses  a n  energy  h~ , There fore ,  t h e  s p e c t r a l  r a d i a n t  

may be d e f i n e d  a s  t h e  r a d i a n t  energy  o f  f requency ZI inc luded  

i n  a u n i t  s p e c t r a l  i n t e r v a l  and con ta ined  i n  a u n i t  volume a t  t h e  p o i n t  7 
and a t  t h e  t ime t by: 



I n  a  l i k e  manner, t h e  s p e c t r a l  r a d i a t i o n  i n t e n s i t y  can  be d e f i n e d .  

F i r s t  r e c a l l  each  photon p o s s e s s e s  a v e l o c i t y  e q u a l  t o  t h a t  o f  l i g h t  C . There- 

f o r e  t h e  q u a n t i t y  

hvc f(v,Y3 H,, t) d v  dS1 

r e p r e s e n t s  t h e  r a d i a n t  energy  i n  t h e  s p e c t r a l  i n t e r v a l  dl/ p a s s i n g  through a  

u n i t  a r e a  i n  a u n i t  t ime i n  t h e  d i r e c t i o n  w i t h i n  t h e  s o l i d  a n g l e  da about  - - 
, . The a r e a  is l o c a t e d  a t  r and i s  normal t o  . T h i s  s t a t e m e n t  is  n o t  

n e c e s s a r i l y  obvious.  I n  o r d e r  t o  c l e a r l y  i n d i c a t e  how and what a r e a  i s  l o c a t e d  - 
a t  p o i n t  r l e t  u s  f o l l o w  t h e  d e r i v a t i o n  o f  t h e  s p e c t r a l  r a d i a n t  energy  d e n s i t y  

g iven  by Planck Ref. 1.4. 

Consider  an  i n f i n i t e l y  small e lement  o f  volume d v  a t  t h e  p o i n t  

which h a s  a n  a r b i t r a r y  shape F i g .  1.1. I n  o r d e r  t o  a l l o w  f o r  a l l  r a y s  t o  p a s s  - 
through t h e  volume d% we can c o n s t r u c t  about  any p o i n t  r o f  dv  a s p h e r e  

o f  r a d i u s  CT . The r a d i u s  CT i s  s e l e c t e d  t o  be l a r g e  compared w i t h  t h e  l i n e a r  

d imensions  o f  dv b u t  s t i l l  s o  s m a l l  t h a t  no a p p r e c i a b l e  a b s o r p t i o n  o r  s c a t -  

t o r i n g  o f  r a d i a t i o n  o c c u r s  i n  t h e  sphere .  Each r a y  which r e a c h e s  dff must 

t h e n  o r i g i n a t e  from some p o i n t  on t h e  s u r f a c e  of t h e  s p h e r e .  

L e t  u s  determine t h e  amount o f  energy  con ta ined  i n  dv which o r i g i n a t e d  

from an e lement  o f  s u r f a c e  a r e a  d a  . The s u r f a c e  a r e a  is chosen such t h a t  i t s  

l i n e a r  dimensions a r e  smal l  compared t o  t h o s e  o f  dV . Consider  t h e  cone o f  

r a y s  which start  a t  a p a r t i c u l a r  p o i n t  on d a  and meet t h e  volume dv . 
T h i s  cone c o n s i s t s  o f  an i n f i n i t e  number o f  c o n i c a l  e lements  w i t h  a common ver -  

t e x  a t  a p o i n t  on do each  c u t t i n g  o u t  o f  t h e  volume d$L a c e r t a i n  e lement  

o f  l e n g t h  S . The s o l i d  a n g l e  o f  such a c o n i c a l  e lement  i s  a A / c 2 w h e r e  A A  
denotes  t h e  a r e a  o f  c r o s s  s e c t i o n  normal t o  t h e  a x i s  o f  t h e  cone a t  a d i s t a n c e  U 

from t h e  v e r t e x  F i g .  1.1. 

I n  o r d e r  t o  f i n d  t h e  energy  r a d i a t e d  through an e lement  o f  a r e a  l e t  u s  

f i r s t  d e f i n e  h ~ ~ f  

hvcf 

which i s  c a l l e d  t h e  s p e c t r a l  r a d i a t i o n  i n t e n s i t y .  Using Eq. 1.15 and 1.16 t h e  

r n o n o c h r o ~ a t i c  energy  which h a s  passed through do and i s  i n  dtf is:  

h v c f  d a ( s / c ) d a  



znn 
where d\n z== and S i s  t h e  path  l e n g t h  i n  dv .  The energy 

which e n t e r s  t h e  c o n i c a l  element i n  ddpL spreads  o u t  i n t o  a  volume  AS. 
Summing up over  a l l  c o n i c a l  e lements  which o r i g i n a t e  i n  do and e n t e r  dv 
y i e l d s  

T h i s  r e p r e s e n t s  t h e  e n t i r e  monochromatic r a d i a n t  energy o n t a i n e d  i n  volume 

dv r e s u l t i n g  from r a d i a t i o n  through t h e  e lement  o f  a r e a  da . To de te rmine  

t h e  t o t a l  monochromatic r a d i a n t  energy c o n t a i n e d  i n  dv we must i n t e g r a t e  

over  a l l  e l ements  o f  a r e a  da c o n t a i n e d  i n  t h e  s u r f a c e  o f  t h e  sphere .  For  

t h e  procedure o f  t h i s  i n t e g r a t i o n  observe  F i g .  1 . 2 .  I n  t h i s  c a s e  t h e  i n c r e -  
da 

rnent i n  s o l i d  a n g l e  da= 3 which cor responds  t o  a  cone w i t h  a  v e r t e x  a t  - r . I n t e g r a t i n g  t h e  r i g h t  hand s i d e  o f  Eq .  ' s  1 .18 y i e l d s  t h e  t o t a l  energy: 

The monochron~a t i c  r a d i a n t  energy d e n s i t y  is  o b t a i n e d  by d i v i d i n g  by d v. 

Since t h e  r a d i u s  (T does  not  appear  i n  E q .  1.19 we can t h i n k  o f  Iy ' as t h e  - 
i n t e n s i t y  o f  r a d i a t i o n  a t  t h e  po in t  r i t s e l f  o r  t h e  i n t e n s i t y  o f  r a d i a t i o n  - - 
pass ing  t h r u  a  u n i t  a r e a  a t  r i n  t h e  d i r e c t i o n  Ql . T h i s  c l a r i f i e s  a d i f f i -  

c u l t  concept  which is avoided i n  many d e r i v a t i o n s .  

From t h e  d e f i n i t i o n  o f  Iv i t  f o l l o w s  t h a t  t h e  r a d i a t i o n  h e a t  f l u x  is 

a  v e c t o r  o f  magnitude 

- 
i n  t h e  d i r e c t i o n  o f  photon p ropaga t ion .  L e t  t h e  normal t o  any s u r f a c e  - 
t h r u  p o i n t  be c a l l e d  n . There fore  t h e  magnitude o f  t h e  h e a t  f l u x  p a s s i n g  - 
t h r u  a u n i t  s u r f a c e  a r e a  normal t o  n from photon p r o p a g a t i o n  i n  t h e  nl d i r e c -  

t i o n  i s :  



F i n a l l y  t h e  r a d i a t i v e  f l u x  v e c t o r  can be w r i t t e n  

- - 
There fore  qR i s  def ined  a C  any p o i n t  rl and t ime t i n  space.  

For  t h e  use  o f  t h e  r a d i a t i v e  h e a t  f l u x  v e c t o r  i n  t h e  energy  e q u a t i o n ,  - 
it i s  d e s i r a b l e  t o  be a b l e  t o  c a l c u l a t e  a component o f  qR i n  any c o o r d i n a t e  

d i r e c t i o n  o f  an  o r t h o g o n a l  c o o r d i n a t e  sys tem and t o  c a l c u l a t e  V .qR. These 

c a l c u l a t i o n s  may be  accomplished i n  a more e x p e d i t i o u s  f a s h i o n  by f i r s t  w r i t i n g  

t h e  e q u a t i o n  o f  r a d i a t i v e  t r a n s f e r .  

The r a d i a t i v e  t r a n s f e r  e q u a t i o n  s t a t e s  t h a t  t h e  r a t e  o f  r a d i a t i v e  

energy  accumulated i n  a volume element p l u s  t h e  ra te  t h a t  i t  f lows t h r u  t h e  

e lement  e q u a l s  t h e  r a t e  of g e n e r a t i o n  w i t h i n  t h e  e lement .  The g e n e r a t i o n  

o f  r a d i a t i v e  energy  i s  accomplished by emiss ion  and a b s o r p t i o n .  The g e n e r a l  

p r o p e r t y  ba lance  can be used by d e f i n i n g  

S u b s t i t u t i n g  i n t o  Eq. 1.2 

u s i n g  t h e  v e c t o r  i d e n t i t y  

we can  w r i t e  

c2 
= J I V ( l +  I )  - K I ,  ( 1 ~ 2 4 )  

which is i d e n t i c a l  t o  t h e  e x p r e s s i o n  given by Z e l ' d o v i c h  and R a i z e r  Ref.  1 . 4 .  

I n  o r d e r  t o  s i m p l i f y  Eq.  1 .24 t h e  fo l lowing  o b s e r v a t i o n s  a r e  made. The e m i s s i o n  



t e rm Jlv c a n  be  e x p r e s s e d  

Jlv = QV Bv (1,25) 

by u s i n g  K i r c h o f f ' s  Law and assuming l o c a l  thermodynamic e q u i l i b r i u m ,  Note t h a t  

t h e  e f f e c t i v e  v d u m e t r i c  a b s o r p t i o n - c o e f f i c i e n t  

i s  t h e  p r o d u c t  of t h e  a b s o r p t i o n  c o e f f i c i e n t  and  t h e  induced  e m i s s i o n  t e rm.  

T h e r e f o r e  t h e  e m i s s i o n  t e r m  Jlv h a s  b o t h  s p o n t a n e o u s  and induced e m i s s i o n  t a k e n  

i n t o  a c c o u n t .  The s p o n t a n e o u s  e m i s s i o n  t e r m  i s  t h e  P l a n c k  f u n c t i o n .  

Using  t h e s e  d e f i n i t i o n s  Eq.  1 . 2 4  c a n  be r e w r i t t e n  as: 

-- I 'Iv + a,.VIv = av(Bv d t  - I v )  

I f  t h e  r a d i a t i v e  t r a n s f e r  Eq.  1 . 2 8  is m u l t i p l i e d  by  d a  and i n t e g r a t e d  , 

o v e r  a l l  d i r e c t i o n s  t h e  c o n s e r v a t i o n  o f  r a d i a t i o n  e q u a t i o n  is  o b t a i n e d  

where 

L e t  u s  assume 

s i n c e  C i s  v e r y  l a r g e .  Then we may s o l v e  Eq. 1 .26  f o r  t h e  r a d i a t i v e  f l u x  d i v -  

e r g e n c e .  

The c o n t r i b u t i o n  o f  t h e  r a d i a t i v e  f l u x  d i v e r g e n c e  term i n  t h e  e n e r g y  e q u a t i o n  

h a s  i m p o r t a n t  m a t h e m a t i c a l  r a m i f i c a t i o n s .  It shou ld  be n o t i c e d  t h a t  t h e  f l u x  



d i v e r g e n c e  t e r m  i s  e v a l u a t e d  by i n t e g r a t i n g  o v e r  a l l  space .  The o t h e r  terms 

i n  t h e  e n e r g y  e q u a t i o n  a r e  d i f f e r e n t i a l s  c a l c u l a t e d  l o c a l l y .  The rad-  

i a t i v e  f l u x  d ive rgence  term t h e r e f o r e  makes t h e  e n e r g y  e q u a t i o n  a n  i n t e g r o -  

d i f f e r e n t l a 1  e q u a t i o n .  



R a d i a t i o n  t o  dft f rom i t s  s u r r o u n d i n g s .  

Nonabsorb  i n g  
N o n s c a t t e r i n g  
r e g i o n *  

Geomet r i c  r e l a t i o n s  f o r  c a l c u l a t i o n  o f  r e d i a t  i o n  t o  d$C. 
- 

* ~ a d i a t i o n  i n  minus d i r e c t i o n  t o  t h e  u n i t  a r e a  e q u a l s  t h e  r a d i a t i o n  f r o m  t h e  
t h e  u n i t  a r e a  i n  t h e  minus a,  d i r e c t i o n .  
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SECTION I1 

CONSERVATION EQUATIONS I N  GENERAL ORTHOGONAL COORDINATES 

From t h e  p r e v i o u s  s e c t i o n  we h a v e  a v e c t o r  f o r m u l a t i o n  o f  t h e  b a s i c  

c o n s e r v a t i o n  e q u a t i o n s  f o r  a r e a c t i n g ,  r a d i a t i n g ,  c o n d u c t i n g  f l u i d .  Most 

f l o w  problems a r e  r e p r e s e n t e d  b y  t h e  c o n s e r v a t i o n  e q u a t i o n s  i n  o r t h o g o n a l  

c o o r d i n a t e s .  I n  t h i s  s e c t i o n  t h e  b a s i c  c o n s e r v a t i o n  laws w i l l  be  w r i t t e n  

i n  g e n e r a l  c u r v i l i n e a r  o r t h o g o n a l  c o o r d i n a t e s .  T h i s  p e r m i t s  one  t o  s e l -  

s e l e c t  a u s e f u l  c o o r d i n a t e  s y s t e m  f o r  a p a r t i c u l a r  problem and t h u s  d e -  

t e r m i n e  t h e  a p p r o p r i a t e  c o o r d i n a t e  s t r e t c h i n g  f u n c t i o n s .  S u b s t i t u t i o n  

o f  t h e  s t r e t c h i n g  f u n c t i o n s  i n t o  t h e  c o n s e r v a t i o n  e q u a t i o n s  i n  c u r v i l i n e a r  

o r t h o g o n a l  c o o r d i n a t e s  w i l l  y i e l d  t h e  a p p r o p r i a t e  g o v e r n i n g  e q u a t i o n s  f o r  

t h e  problem o f  i n t e r e s t .  

T a b l e  2 . 1  p r e s e n t s  a s e t  o f  v e c t o r  o p e r a t i o n s  i n  v e c t o r  geome t ry  n o t -  

s t i o n .  By u s i n g  t h e  i n f o r m a t i o n  i n  t h i s  t a b l e  we are a b l e  t o  w r i t e  t h e  con -  

s e r v a t i o n  e q u a t i o n s  i n  c u r v i l i n e a r  o r t h o g o n a l  c o o r d i n a t e s .  The s t a t e m e n t  o f  

t h e s e  e q u a t i o n s  have  been  made i n  p a r t  by Back, T s i e n ,  Brodkey,  R e f ' s :  2 . 1 ,  

2 . 2 ,  and 2 . 3  r e s p e c t i v e l y ,  and  o t h e r s ,  

The c o n s e r v a t i o n  e q u a t i o n s  c a n  be  s t a t e d  i n  t ime  independen t  v e c t o r  

form as f o l l o w s .  

G l o b a l  C o n t i n u i t y :  

S p e c i e s  C o n t i n u i t y :  

Momentum: 

Energy:  ( T o t a l  i n t e r n a l  e n e r g y  p e r  u n i t  mass) 



: ( T o t a l  e n t h a l p y  p e r  u n i t  mass) 

F o r  t h e  pu rpose  o f  w r i t i n g  t h e  c o n s e r v a t i o n  e q u a t i o n s  i n  c u c v i l i n e a r  

o r t h o g o n a l  c o o r d i n a t e s ,  t h e  c o o r d i n a t e s  a r e  chosen  t o  be  El, c2v and t3 
c o r r e s p o n d i n g  t o  &,, t2, and o f  Tab.  2 . 1  r e s p e c t i v e 1  y. The e l e m e n t s  o f  

l e n g t h  i n  t h e  r e s p e c t i v e  c o o r d i n a t e  d i r e c t  i o n s  a r e  h, h2E2, and h3t3 
s u c h  t h a t  a d i f f e r e n t i a l  a r c  l e n g t h  c a n  be  e x p r e s s e d  as 

where hi, hp, and h3 are c a l l e d  t h e  " s t r e t c h i n g  f u n c t i o n s "  i n  bhe r e s p e c t i v e  

c o o r d i n a t e  d i r e c t i o n s .  I n  t h e  f o l l o w i n g  e q u a t i o n s  U, V, and W are t h e  v e -  

l o c i t y  components  o f  i n  t h e  d i r e c t i o n  o f  i n c r e a s i n g  El, t2, and c3. 
Apply ing  t h e  v o p e r a t o r  from T a b .  2.1 t h e  g l o b a l  c o n t i n u i t y  e q u a t i o n  

becomes 

I n  a similar manner t h e  s p e c i e s  c o n t i n u i t y  e q u a t i o n  c a n  be w r i t t e n  

I n  o r d e r  t o  e v a l u a t e  t h e  above e q u a t i o n  t h e  components  Jil 5,, Ji,%and Ji,63 o f  

t h e  mass f l u x  v e c t o r  4 must b e  s p e c i f i e d .  The mass f l u x  v e c t o r  f o r  a wide  

r a n g e  o f  f l u i d  problems c o n s i s t  o f  f o u r  p a r t s  , 

--(Dl J = Ji  + + J I ( ~ )  + (2  9) 
- (D) - (g )  

where J r e p r e s e n t s  c o n c e n t r a t i o n  d i f f u s i o n ,  Ji(') p r e s s u r e  d i f f u s i o n ,  J - I - \  

\ I )  
f o r c e d  d i f f u s i o n ,  and J t h e r m a l  d i f f u s i o n .  I n  t h e  p r e s e n t  d e r i v a t i o n  we 

w i l l  r e s t r i c t  o u r  a t t e n t i o n  t o  t h e r m a l  and  c o n c e n t r a t i o n  d i f f u s i o n .  T h e s e  

modes o f  mass t r a n s p o r t  a r e  t h e  d o m i n a n t o n e s  f o r  most f l u i d d y n a m i c s  p rob lems .  



The e x p r e s s i o n s  f o r  t h e r e  two mass f l u x  v e c t o r s  a r e  

The t ransformed components o f  t h e  above e q u a t i o n s  a r e  

(0) - - " dG 
Ji,g3 

I aYk f ~j ~ i j  [y ( 8 ) T % ' f l  a , f ]  P IRT j;, k; I 
k f j  I#j ,k 

(TI - - DT d (In TI 
Ji, 53 

- - 
h 3  d t 3  

For  s u b s t i t u t i o n  i n t o  t h e  s p e c i e s  c o n t i n u i t y  e q u a t i o n  

(0) (T) 
Ji,52 - Ji,52 + Ji, t2 

( 0) 
Ji, 5, = Ji,!, + Ji!;: 



T h i s  comple t e s  t h e  n e c e s s a r y  o p e r a t i o n s  Lo e x p l i c i t l y  w r i t e  t h e  s p e c i e s  c o n t i n -  

u i t y  e q u a t i o n  i n  g e n e r a l  o r t h o g o n a l  c o o r d i n a t e s .  

B e f o r e  w r i t i n g  t h e  momentum and e n e r g y  e q u a t i o n s  i n  g e n e r a l  o r t h o g o n a l  

c o o r d i n a t e s  t h e  r a d i a t i o n  p r e s s u r e  t e n s o r  and  e x t e r n a l  f o r c e  f i e l d  t e r m s  are 

d r o p p e d .  The r e s u l t i n g  v e c t o r  form o f  t h e  two e q u a t i o n s  a r e  

Momentum: 

Energy:  

I f  t h e  need t o  a c c o u n t  f o r  t h e  a d d i t i o n a l  e f f e c t s  s h o u l d  a r i s e ,  t h e  a p p r o p r i a t e  

t e r m s  c o u l d  be added  t o  t h e  g o v e r n i n g  e q u a t i o n s  i n  a n  a n a l o g o u s  manner t o  t h e  

t e rms  which w i l l  b e  c o n s i d e r e d .  

Us ing  t h e  d e f i n i t i o n s  i n  Tab .  2 .l, t h e  momentum e q u a t i o n  c a n  be  w r i t t e n  

i n  t h e  t h r e e  o r t h o g o n a l  d i r e c t i o n s .  
b 

&, - momentum: 



Q - momentum: 

c3 - momentum: 

31 dh3 +- -  T23 dh3 - + -- d h~ ~2 dh2] _ - -  
h1h3 XI h2h3 d 6  k h3 d(3 h$h3 at3 

= 0 

I n  t h e  above e q u a t i o n s ,  t h e  s u b s c r i p t s  1, 2 ,  and 3 i n  t h e  symmetr ic  s t r e s s  

t e n s o r  d e n o t e  t h e  c o o r d i n a t e  d i r e c t i o n s  t,, t2, and C3 r e s p e c t i v e l y .  I n  o r d e r  

t o  e v a l u a t e  t h e  t h r e e  momentum e q u a t i o n s  t h e  components  o f  t h e  v i s c o u s  stress 

t e n s o r  must  be d e f i n e d .  F o r  a S t o k e s '  f l u i d  t h e  s t r e s s  t e n s o r  i s  d e f i n e d  by ,  
23= 

Ref .  2 .3 ,  i n  t e rms  o f  t h e  rate o f  s t r a i n  t e n s o r  e .  

The s i m p l e s t  form f o r  t h i s  e q u a t i o n  i n  t h r e e  d i m e n s i o n s  is 



For a Newtonian f l u i d  

A = -(-$-P -- p)v@v, 

The s t r e s s  tensor  may now be w r i t t e n  a s  

- I- = iTvaV + pF 
The components of the s t r e s s  tensor  a r e  

- X V ~ V  + Pel ,  TI1 - 
- XV@V + CLe22 7-22 - (2.21a) 

5 3 3 s  ~ ~ e v  4- pe33 

Which may be w r i t t e n  

I au v ah, + ---- - + wdh,] 
+ "[6zI (2.22) 

hl h2 d (2 h3hl a t 3  



With t h e  p reced ing  d e f i n i t i o n  o f  t h e  s t r e s s  t e n s o r ,  t h e  momentum e q u a t i o n s  be- 

come t h r e e  e q u a t i o n s  e x p r e s s e d  i n  t h e  t h r e e  components o f  t h e  v e l o c i t y  v e c t o r .  

The t o t a l  e n t h a l p y  form o f  t h e  e n e r g y  e q u a t i o n  Eq. 2.14 may be w r i t t e n  i n  

g e n e r a l  o r t h o g o n a l  c o o r d i n a t e s  by n o t i n g  t h e  form o f  t h e  t h r e e  o p e r a t o r s  e x p r e s s e d  

i n  Tab. 2.1. 

The components o f  t h e  s h e a r  s t r e s s  have been d e f i n e d  i n  t h e  d i s c u s s i o n  o f  

t h e  momentum e q u a t i o n .  T h e r e f o r e  o n l y  t h e  components of  t h e  h e a t  f l u x  v e c t o r s  

a r e  l e f t  t o  be d e f i n e d  t o  p rov ide  a  complete s t a t e m e n t  of  t h e  e n e r g y  e q u a t i o n .  

The h e a t  f l u x  v e c t o r  as hand led  p r e v i o u s l y  w i l l  be d e s c r i b e d  a s  t h e  

sum o f  t h e  d i f f u s i o n a l  and r a d i a t i v e  h e a t  f l u x  v e c t o r s .  The d i f f u s i o n a l  h e a t  

f l u x  v e c t o r  can be expressed  as a  f u n c t i o n  of t h e  mass f l u x  v e c t o r  by s imple  

m a n i p u l a t i o n  o f  t h e  e q u a t i o n  g iven  by 



where k' i s  not  t h e  o r d i n a r y  t h e r m a l  c o n d u c t i v i t y  c o e f f i c i e n t  . The u s u a l  form 

of  t h e  d i f f u s i o n a l  h e a t  f l u x  v e c t o r  is  w r i t t e n  i n  t e rms  o f  d i f f u s i o n  v e l o c i t i e s  

o r  mass f l u x  v e c t o r s .  T h i s  form eliminates V($] from t h e  p reced ing  equa-  

t i o n  and adds  a term t o  k' y i e l d i n g  t h e  o r d i n a r y  t h e r m a l  c o n d u c t i v i t y .  T h i s  

s t e p  a l s o  i n t r o d u c e s  t h e  b i n a r y  d i f f u s i o n  c o e f f i c i e n t  i n t o  t h e  Dufour e f f e c t  

term.  Fo l lowing  H i r s c h f e l d e r  e t .  a l . ,  Ref.  2.4,  and s u b s t i t u t i n g  f o r  t h e  

d i f f u s i o n  v e l o c i t i e s  y i e l d s :  

where IDij i s  t h e  b i n a r y  d i f f u s i o n  c o e f f i c i e n t  

The d i f f u s i o n a l  h e a t  f l u x  v e c t o r  c o n t a i n s  terms which r e s p e c t i v e l y  r e p r e s e n t  

conduc t ive  e n e r g y  f l u x ,  d i f f u s i o n a l  e n e r g y  f l u x ,  and d i f f u s i o n - t h e r m o  (Dufour) 

ene rgy  f l u x .  The Dufour e f f e c t  i s  k e p t  i n  t h e  above e q u a t i o n  t o  be c o n s i s t e n t  

w i t h  keep ing  t h e  S o r e t  e f f e c t  i n  t h e  s p e c i e s  c o n t i n u i t y  e q u a t i o n .  A t  t h i s  

p o i n t  it  is  a p p r o p r i a t e  t o  p o i n t  o u t  t h a t  t h e  t h e r m a l  c o n d u c t i v i t y  in.the con- 

d u c t i v e  f l u x  t e rm is  i n  g e n e r a l  a t e n s o r .  For  t h e  c a s e  o f  a n  i s e n t r o p i c  f l u i d ,  

t h e  c o n d u c t i v i t y  r educes  t o  a s c a l a r .  T h i s  i s  t h e  form used i n  t h e  d i f f u s i o n a l  

e n e r g y  f l u x  v e c t o r  above.  

Having s t a t e d  t h e  v e c t o r  form o f  t h e  d i f f u s i o n a l  h e a t  f l u x  v e c t o r ,  t h e  

components needed i n  t h e  e n e r g y  e q u a t i o n  can  be e x p r e s s e d .  

ij The p e r f e c t  gas  e q u a t i o n  of  s t a t e  h a s  been used t o  r e p l a c e  k e T i n  t h e s e  eq- 

u a t i o n s  from Ref .  2.4 w i t h  P/N . 



where  t h e  components  o f  t h e  mass f l u x  v e c t o r  u sed  i n  t h e  above e x p r e s s i o n  a r e  

d e f i n e d  i t 1  t h e  d i s c u s s i o n  o f  t h e  s p e c i e s  c o n t i n u i t y  e q u a t i o n .  

To c a l c u l a t e  t h e  components  o f  t h e  r a d i a t i v e  f l u x  v e c t o r  qRl 5i where  

ti i s  a n  o r t h o g o n a l  c o o r d i n a t e ,  l e t  u s  i n t e g r a t e  Eq.  1.27.  

- 
Note t h a t  VeqR is  a s c a l a r  i n d e p e n d e n t  o f  c o o r d i n a t e  sys tem.  The f l u x  

components  may be w r i t t e n :  

o r  b y  s u b s t i t u t i n g  f rom Eq. 1.27 



I n  a d d i t i o n  t o  t h e  g e n e r a l  c o n s e r v a t i o n  e q u a t i o n s  a n  e q u a t i o n  of  s t a t e  

i s  needed t o  s p e c i f y  t h e  r e l a t i o n s h i p  between p r e s s u r e  and t e m p e r a t u r e .  A 

r e a s o n a b l e  approx imat ion  f o r  the the rmal  b e h a v i o r  o f  a gaseous  mix tu re  i s  t h e  

i d e a l  g a s  e q u a t i o n  of  s t a t e .  

L e t  u s  r e w r i t e  t h i s  e q u a t i o n  i n  s e v e r a l  forms which might be  o f  h e l p  i n  f u r -  

t h e r i n g  o u r  development.  These e x p r e s s i o n s  f o l l o w  t h o s e  o f  S c a l a ,  Ref.  2.5. 

P = PRT 
where 

It fo l lows  t h a t  

Other  forms of t h e  i d e a l  g a s  e q u a t i o n  o f  s t a t e  a r e  

F? = Nik,T 

P = NkcT where C N ~  = N 
i 

T h i s  last e x p r e s s i o n  h a s  been used p r e v i o u s l y  t o  s t a t e  E q . ' s  2 .29  and 2.30.  



TABLE 2.1 

Vector Operations i n  Vector Geometry Notat ion 

Vector Operat ion 

- 
1. Vector ,  a = 

2. Sca l a r  or-doo 
product ,  a b = 

3 .  Vector or-cross 
product ,  a x b = 

4. Gradient  of s c a l a r ,  
VU = 

I-' 
I-' 5 .  Gradient of vec tor ,  - 

va = 

- 
6.  Divergence - of a ,  

- - 
7 .  Curl of a ,  v x  a = 

Vector Geometry 

wi j  ; elements of W a re :  i j 
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SECTION 111 

CONSERVATION EQUATIONS I N  BODY ORIENTED COORDINATES 

I n  o r d e r  t o  d e s c r i b e  t h e  f low over  b l u n t  bod ies  moving a t  hyperson ic  

v e l o c i t i e s ,  it is found convenient  t o  s o l v e  t h e  c o n s e r v a t i o n  e q u a t i o n s  i n  o r -  

thogonal  body o r i e n t e d  c o d r d i n a t e  systems. The t y p e  o f  body under c o n s i d e r a t i o n ,  

i . e .  th ree -d imens iona l ,  axisymmetr ic  o r  two d imens iona l ,  t h u s  determine t h e  

s t r e t c h i n g  f u n c t i o n s ,  hl, h2, h3, d i s c u s s e d  i n  Sec.  11. The c l a s s  of bod ies  con- 

s i d e r e d  i n  t h i s  development a r e  axisymmetric o r  two-dimensional and have t h e  

fo l lowing  s t r e t c h i n g  f u n c t i o n s ,  s e e  Tab. 3 .1 :  

[I = x ,  
c2 =y, TWO-DIMENSIONAL (3  2) 

c3 =z, h3= I 
where K is t h e  l o c a l  body c u r v a t u r e  and r is  d e f i n e d  i n  F i g .  3 . 1 .  Using 

F i g .  3 . 1  t h e  fo l lowing  r e l a t i o n s h i p  may be found 

r = r, + y SIN 8 (3 .3)  

where 

S u b s t i t u t i n g  t h e  s t r e t c h i n g  f u n c t i o n s  3 . 1  and 3 . 2  and r e l a t i o n s h i p s  3 . 3  

and 3 . 5  i n t o  t h e  g e n e r a l  c o n s e r v a t i o n  e q u a t i o n s  f o r  a multicomponent continuum 

gas  i n  g e n e r a l  o r t h o g o n a l  c o o r d i n a t e s  g iven  i n  S e c t i o n  11 y i e l d s  t h e  f o l l o w i n g  

e q u a t i o n s .  

C o n t i n u i t y :  



where Ji6 and  J- are t h e  mass f l u x  components  o f  s p e c i e s  i i n  t h e  x and y d i r -  
'lY 

e c t i o n  r e s p e c t i v e l y .  The mass f l u x  v e c t o r  is t h e  sum o f  two v e c t o r s  n e g l e c t -  

i n g  f o r c e  d i f f u s i o n  and  p r e s s u r e  d i f f u s i o n .  

The components  a r e  

c o n c e n t r a t  i o n  d i f f u s i o n :  

(Dl - n' Jw - (3.11)  
PIRT j=, 

kf j lit j,k 

t h e r m a l  d i f f u s i o n :  

The two momentum e q u a t i o n s  c a n  b e  e x p r e s s e d  i n  t h e  f o l l o w i n g  manner.  

X - momentum 



y - momentum 

where the  components of the s t r e s s  tensor  a r e  

T x x  = 

&I + K v ]  (3.16) 

- I dv a, - qx = P [ ~ -  d x + - d u - x u ]  
d Y K" 

The above s t r e s s  components a r e  a l s o  used i n  the energy equat ion.  



The components of t h e  d i f f u s i o n a l  h e a t  f l u x  v e c t o r  a r e  

From e q .  2.36 and e q .  2.37 t h e  components o f  t h e  r a d i a t i v e  f l u x  v e c t o r  a r e :  

The s t a t e m e n t  of t h e s e  v e c t o r  components completes  t h e  s e t  of c o n s e r v a t i o n  

e q u a t i o n s  expressed  i n  body o r i e n t e d  o r t h o g o n a l  c o o r d i n a t e s .  By t h e  use  of  t h e  

s t r e t c h i n g  f u n c t i o n s  l i s t e d  i n  Tab. 3 . 1 ,  t h e  c o n s e r v a t i o n  e q u a t i o n s  can be 

w r i t t e n  i n  t h e  c o o r d i n a t e  system d e s i r e d  by f o l l o w i n g  t h e  method used f o r  t h e  

case  under c o n s i d e r a t i o n  i n  t h i s  s e c t  i o n .  Subsequent t r a n s f o r m a t  ion  of  indep-  



endent va r i ab l e s  us ing  Dorodnitsyn, Von Mises,  Lees o r  one of many o t h e r  

t ransformations may be made i n  order  t o  s impl i fy  the  form of the conser-  

va t ion  equat ions .  The s e l e c t i o n  and use of these  t ransformat ions  w i l l  not  

be discussed here .  The reader  i s  r e f e r r ed  t o  Dorrance, Ref. 3.2, and Hansen, 

Ref. 3.3,  f o r  s u i t a b l e  d i scuss ion  and l i s t i n g  of s i m i l a r i t y  t ransformat ions .  



Tan € = d8 
( 1 + ~ 6 ) d x  

Body-Oriented Coord ina te  System 

F i g .  3.1 



Table 3 .1  Coordinate systems and s t r e t c h i n g  Functions 

. orthogonal  

coord ina tes  

about  axis  

Note: Addi t iona l  coord ina te  systems a r e  considered by Back, Ref. 3.1. 
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SECTION I V  

THIN VISCOUS SHOCK LAmR EQUATIONS 

I n  t h e  p r e v i o u s  s e c t i o n  t h e  c o n s e r v a t i o n  e q u a t i o n s  were w r i t t e n  i n  o r t h o g o n a l  

body o r i e n t e d  c o o r d i n a t e s .  It w a s  po in ted  o u t  t h a t  t h e  m o t i v a t i o n  t o  use  such  a co-  

o r d i n a t e  sys tem was f o r  e a s e  i n  d e s c r i b i n g  f low o v e r  a  b l u n t  body. L e t  u s  expand 

on t h i s  p o i n t  and t h e  d e t a i l s  of  t h e  problem t o  be s o l v e d .  

The a e r o t h e r m a l  environment of  a  b l u n t  v e h i c l e  e n t e r i n g  a  p l a n e t a r y  atmosphere 

at h y p e r s o n i c  v e l o c i t i e s  h a s  r e c e i v e d  a good d e a l  o f  a t t e n t i o n  i n  r e c e n t  y e a r s ,  

T h i s  a t t e n t i o n  h a s  been c e n t e r e d  around t h e  p r e d i c t i o n  o f  t h e  h e a t  t r a n s f e r r e d  t o  

t h e  s u r f a c e  o f  a v e h i c l e  d u r i n g  i t s  a tmospher ic  e n c o u n t e r .  The most s e v e r e  h e a t i n g  

o c c u r s  a t  and n e a r  t h e  l e a d i n g  f a c e  o f  a v e h i c l e .  For  t h i s  r e a s o n  s p e c i a l  a t t e n t i o n  

h a s  been g i v e n  t o  t h e  c a l c u l a t i o n  o f  t h e  f l o w  f i e l d  and i t s  a s s o c i a t e d  e n e r g y  t r a n s -  

f e r  t o  t h e  s u r f a c e  n e a r  t h e  f r o n t  o f  t h e  v e h i c l e .  

I n  o r d e r  t o  de te rmine  t h e  p roper  ma themat ica l  model t o  d e s c r i b e  t h e  f low f i e l d  

developed by a b l u n t  body moving a t  h y p e r s o n i c  v e l o c i t i e s ,  one must a s s e s s  t h e  

b e h a v i o r  o f  t h e  g a s  t h a t  t h e  v e h i c l e  w i l l  e n c o u n t e r .  F i g .  4 . 1  based on t h e  work o f  

R e f .  4.1 p r e s e n t s  t h e  f l i g h t  regimes which a r e  encoun te red  by a body d u r i n g  atmos- 

p h e r i c  e n t r y .  The regimes can be  grouped i n t o  two gasdynamic domains - continuum 

and noncontinuum. Hayes and P r o b s t e i n ,  Ref .  4 . 2 ,  demons t ra tes  t h e  continuum domain 

can be d i v i d e d  i n t o  f i v e  regimes:  (1) c l a s s i c a l  boundary l a y e r ,  (2)  v o r t i c i t y  

i n t e r q c t i o n ,  (3) f u l l y  v i s c o u s ,  (4) i n c i p i e n t  merged l a y e r ,  and (5) f u l l y  merged 

l a y e r .  The b e h a v i o r  o f  t h e  g a s  f lowing  o v e r  a  body i n  t h e  f i v e  continuum regimes 

c a n  be d e s c r i b e d  u s i n g  t h e  e q u a t i o n s  developed i n  t h e  p t e v i o u s  s e c t i o n s .  L e t  u s  

c o n s i d e r  f u r t h e r  t h e  c h a r a c t e r i s t i c s  o f  f l u i d  f l o w  i n  t h e  f i v e  continuum regimes.  

1. Boundary l a y e r  regime:  The c l a s s i c a l  boundary l a y e r  e q u a t i o n s  a r e  a 

v a l i d  gpproximat i o n  a£ t h e  v i s c o u s  e f f e c t s  f o r  h i g h  Reynolds numbers 

c o r r e s p o n d i n g  t o  lower  a l t i t u d e s .  Viscous  e f f e c t s  dominate n e a r  t h e  w a l l  

i n  a  r e g i o n  which i s  small compared t o  t h e  shock l a y e r  t h i c k n e s s .  Vor- 

t i c i t y  genera ted  by shock c u r v a t u r e  is  t h e r e f o r e  n e g l i g i b l e  t h u s  n o t  

a f f e c t i n g  t h e  boundary l a y e r  f l o w .  

2 .  V o r t i c i t y  i n t e r a c t i o n  becomes impor tan t  a t  lower Reynolds numbers where 

shock genera ted  v o r t i c i t y  becomes s i g n i f i c a n t  i n  r e s p e c t  t o  v i s c o u s  e f f e c t s  

n e a r  t h e  body. Here t h e  o u t e r  r e g i o n  o f  t h e  shock l a y e r ,  u s u a l l y  con- 

s i d e r e d  t h e  i n v i c i d  l a y e r ,  becomes coupled through momentum t r a n s p o r t  



t o  t h e  h i g h e r  s h e a r  r e g i o n  nea r  t h e  body, u s u a l l y  though t  of a s  t h e  

boundary l a y e r .  The h i g h  s h e a r  r e g i o n  n e a r  t h e  body i s  a l s o  l a r g e r  than  

exper ienced  a t  h i g h e r  Reynolds numbers. 

3 .  Viscous l a y e r  Regime: Viscous  e f f e c t s  from t h e  body i n t e r a c t i o n  a r e  

sp read  th roughout  t h e  shock l a y e r .  T h i s  o c c u r s  a t  lower Reynolds numbers 

and c o r r e s p o n d i n g l y  h i g h e r  a l t i t u d e s  t h a n  t h e  v o r t i c i t y  i n t e r a c t i o n  

regime. Viscous d i s s i p a t i o n  a t  t h e  shock is s t i l l  s m a l l  i n  comparison 

t o  d i s s i p a t i o n  a t  t h e  body. T h i s  c o n d i t i o n  i s  t r u e  s o  long  a s  t h e  r a t i o  

o f  t h e  mean f r e e  pa th  behind t h e  shock o v e r  t h e  shock  l a y e r  t h i c k n e s s  

is much s m a l l e r  than  t h e  s q u a r e  r o o t  o f  t h e  d e n s i t y  r a t i o  a c r o s s  t h e  

shock  wave, Ref .  4 .2 .  T h i s  i m p l i e s  t h a t  t h e  Rankine-Hugoniot shock wave 

e q u a t i o n s  a r e  v a l i d  f o r  d e t e r m i n a t i o n  o f  shock  l a y e r  boundary c o n d i t i o n s .  

4 .  I n c i p i e n t  merged l a y e r  regime: The i n c i p i e n t  merged l a y e r  b e g i n s  when 

d i s s i p a t i v e  e f f e c t s  a t  t h e  shock a r e  s i g n i f i c a n t .  The shock wave i s  t h i n  

r e l a t i v e  t o  t h e  shock l a y e r  t h i c k n e s s  b u t  t h e  Rankine-Hugoniot r e l a t i o n s  

must be modif ied  t o  accoun t  f o r  v i s c o u s  e f f e c t s  a t  t h e  shock boundary.  

5. F u l l y  merged l a y e r  regime:  A t  h i g h e r  a l t i t u d e s  and low Reynolds numbers 

a d i s t i n c t  shock does  n o t  e x i s t .  The f r e e  s t r e a m  mean f r e e  p a t h  o v e r  

t h e  major body r a d i u s  is approx imate ly  one o r  l e s s .  The f low behaves  

c o n t i n u o u s l y  from t h e  f r e e  s t r e a m  t o  t h e  body. Above t h i s  a l t i t u d e  

range continuum c o n c e p t s  a r e  no l o n g e r  a p p l i c a b l e  and t h e  f l o w . g o e s  

through a t r a n s i t i o n  t o  f r e e  molecu la r  f l o w .  

The f o r e g o i n g  d i s c u s s i o n  o f  t h e  f i v e  continuum f l o w  regimes f o l l o w s  i n  p a r t  

t h e  r e a s o n i n g  of Hayes and P r o b s t e i n ,  Ref .  4 .2.  T h i s  r e a s o n i n g  proceeded under  

t h e  assumpt ion t h a t  r a d i a t i v e  e n e r g y  t r a n s p o r t  and a b l a t i v e  mass i n j e c t  i 

n e g l i g i b l e .  I n  t h e  p r e s e n t  development t h e s e  two e f f e c t s  a r e  t h e  pr imary f low 

f i e l d - b o d y  i n t e r a c t i o n  mechanisms which a r e  t o  be a s s e s s e d  when coupled t o  t h e  

v i s c o u s  mechanisms. F i g .  4 . 1  shows t h e  f l i g h t  regimes where r a d i a t i v e  h e a t i n g  

t o  a  one f o o t  body becomes s i g n i f i c a n t .  For  t h e  most p a r t ,  s i g n i f i c a n t  a b l a t i o n  

r a t e s  a r e  a l s o  encoun te red  i n  t h e s e  regimes when u s i n g  p r e s e n t  day  c h a r r i n g  a b l a t o r s  

such  as carbon p h e n o l i c  o r  nylon p h e n o l i c .  T h e r e f o r e ,  l e t  u s  make a d d i t i o n a l  

o b s e r v a t i o n s  abou t  t h e  f low c h a r a c t e r i s t i c s  i n  t h e s e  continuum f l i g h t  regimes 

where t h e  e f f e c t s  o f  a b l a t i o n  and r a d i a t i v e  energy  t r a n s f e r  i n  t h e  shock l a y e r  

a r e  impor tan t .  I n  p roceed ing ,  o u r  a t t e n t i o n  w i l l  be r e s t r i c t e d  t o  t h e  f i r s t  

t h r e e  f l i g h t  r eg imes ,  where t h e  h e a t i n g  r a t e s  t o  a v e h i c l e ' s  s u r f a c e  a r e  t h e  most 



s i g n i f i c a n t  . 
S i g n i f i c a n t  r a d i a t i v e  e n e r g y  t r a n s f e r  h a s  s e v e r a l  impor tan t  e f f e c t s  on t h e  

shock l a y e r  b e h a v i o r .  F i r s t ,  r a d i a t i v e  t r a n s f e r  c o u p l e s  t h e  energy  e q u a t i o n  and 

t h u s  t h e  the rmal  boundary l a y e r  over  t h e  e n t i r e  shock l a y e r .  T h i s  is a p p a r e n t  

by r e c a l l i n g  t h a t  t h e  f l u x  d ive rgence  term i n  t h e  energy  e q u a t i o n  is  e v a l u a t e d  

by a n  i n t e g r a t i o n  o v e r  a l l  space  i n  t h e  shock l a y e r .  T h i s  e f f e c t  h a s  been demon- 

s t r a t e d  by s e v e r a l  a u t h o r s  i n c l u d i n g  Ref .  4.3 and 4.4.  F u r t h e r ,  t h e  the rmal  boun- 

d a r y  l a y e r  e x i s t s  from t h e  shock t o  t h e  body f o r  a l l  t h r e e  f l i g h t  regimes i n  t h e  

r a d i a t i v e  coupled domain. Secondly ,  r a d i a t i v e  e n e r g y  t r a n s f e r  produces nonad i a b a t  i c  

o r  ene rgy  l o s s  e f f e c t s .  P r i n c i p a l l y ,  r a d i a n t  e n e r g y  i s  l o s t  th rough  t h e  t r a n s -  

p a r e n t  shock wave. T h i r d l y ,  t h e  e f f e c t  o f  r a d i a t i v e  t r a n s f e r  i n  t h e  shock wave 

is coupled through t h e  e n e r g y  e q u a t i o n  t o  t h e  momentum e q u a t i o n .  Although t h i s  

coup l ing  e f f e c t  i s  n o t  a l t o g e t h e r  n e g l i g i b l e ,  i t  does  not  change t h e  c o n c l u s i o n s  

o b t a i n e d  abou t  momentum t r a n s f e r  i n  t h e  shock l a y e r  i n  t h e  f i r s t  t h r e e  f l i g h t  

regimes.  T h e r e f o r e ,  even  though t h e  v i s c o u s  e f f e c t s  may be approximated th rough  

boundary l a y e r  c o n c e p t s  w i t h  p o s s i b l e  m o d i f i c a t i o n s  o f  edge c o n d i t i o n s  i n  t h e  

v o r t i c i t y  l a y e r  regime,  t h e  energy  t r a n s p o r t  o c c u r s  over  t h e  e n t i r e  shock l a y e r .  

I n  t h e  v i s c o u s  l a y e r  regime b o t h  v i s c o u s  and e n e r g y  t r a n s p o r t  a r e  s i g n i f i c a n t  o v e r  

t h e  e n t i r e  shock l a y e r .  

Apprec iab le  mass i n j e c t i o n  r a t e s  of  a b l a t i o n  p r o d u c t s  r e s u l t s  i n  a d d i t i o n a l  

e f f e c t s  on energy  and momentum t r a n s f e r  w i t h i n  t h e  shock l a y e r .  High mass a d d i t i o n  

r a t e s  t e n d s  t o  e n l a r g e  t h e  r e g i o n  of  s h e a r  dominated f low n e a r  t h e  body. L ibby ,  

Ref .  4 . 5  showed e x p e r i m e n t a l l y  and t h e o r e t i c a l l y  t h a t  i n  t h e  boundary l a y e r  r eg ime ,  

boundary l a y e r  c o n c e p t s  cou ld  be a p p l i e d  when mass i n j e c t i o n  o r  s u c t i o n  r a t e s  

were q u i t e  l a r g e .  T h i s  s t u d y  d i d  not  i n c l u d e  t h e  e f f e c t s  o f  r a d i a t i o n ,  b u t  s i n c e  

e n e r g y  t r a n s p o r t  does  no t  change t h e  c h a r a c t e r  o f  momentum t r a n s p o r t  t h e s e  con- 

c l u s i o n s  a r e  a l s o  v a l i d  i n s o f a r  a s  momentum t r a n s f e r  i s  concerned f o r  r a d i a t i v e  

coupled shock l a y e r s .  Mass i n j e c t i o n  h a s  o t h e r  e f f e c t s  such  as r e d u c t i o n  o f  

s h e a r  a t  t h e  w a l l ,  R e f .  4 . 4 ,  and r e d u c t i o n  o f  h e a t  t r a n s f e r  a t  t h e  w a l l ,  R e f .  4 .4 ,  

4 . 5  and many o t h e r s .  These e f f e c t s  a l t h o u g h  of  g r e a t  importance do not  change 

the  b a s i c  c h a r a c t e r i s t i c s  o f  momentum o r  e n e r g y  t r a n s f e r  i n  t h e  shock l a y e r .  

We may conclude t h a t  f o r  f l i g h t  c o n d i t i o n s  i n  t h e  r a d i a t i v e  coupled domain 

where a b l a t i o n  r a t e s  a r e  a l s o  s i g n i f i c a n t ,  t h e  c h a r a c t e r  o f  t h e  momentum t r a n s f e r  

i s  e s s e n t i a l l y  t h e  same a s  w i t h o u t  t h e s e  e f f e c t s .  However, t h e  c h a r a c t e r i s t i c s  

o f  ene rgy  t r a n s f e r  a r e  s i g n i f i c a n t l y  d i f f e r e n t  i n  t h a t  t h e  e n t i r e  shock l a y e r  



must be c o n s i d e r e d  i n  a l l  t h r e e  f l i g h t  r e g i m e s .  

With t h e  f c r e g o i t l g  s t z t e r n e n t s  as background t h e  problem which we wi sh  t o  

s o l v e  c a n  be  s t a t e d .  The b a s i c  c o n s e r v a t i o n  e q u a t i o n s  s t a t e d  i n  t h e  p r e v i o u s  

s e c t  i o n  are a p p r o p r i a t e  t o  d e s c r i b e  t h e  f l o w  of  a cont inuum r e a c t i n g  and r a d i a t i n g  

g a s  m i x t u r e  o v e r  a b l u n t e d  s u r f a c e  when thermodynamic e q u i l i b r i u m  e x i s t s .  F o r  

t h e  p r e s e n t  work ,  we w i l l  d e t e r m i n e  t h e  r educed  s e t  o f  e q u a t i o n s  which d e s c r i b e  

t h e  f l o w  i n  a shock  l a y e r  o v e r  a b l u n t  body when t h e  o u t e r  bounda ry  o f  t h e  s h o c k  

l a y e r  i s  a shock  wave d e s c r i b e d  by  t h e  Rankine-Hugoniot  e q u a t i o n s .  Thus t h e  equa -  

t i o n s  g o v e r n i n g  t h e  f l o w  i n  t h e  shock  l a y e r  w i l l  be a p p l i c a b l e  t o  t h e  t h r e e  h i g h e r  

Reynolds  number r eg imes  b o t h  i n  and o u t  of t h e  r a d i a t i o n  c o u p l e d  domain .  The 

pr ime c o n c e r n  and m o t i v a t i o n  f o r  o b t a i n i n g  t h i s  s e t  of e q u a t i o n s  i s  t o  d e s c r i b e  t h e  

h e a t  t r a n s f e r  mechanisms which produce  s u r f a c e  h e a t i n g  s u c h  t h a t  s u r f a c e  h e a t i n g  

c o n d i t i o n s  c a n  b e  p r e d i c t e d  b y  n u m e r i c a l  c a l c u l a t i o n .  

I n  o r d e r  t o  d e t e r m i n e  t h e  a p p r o p r i a t e  s e t  of  e q u a t i o n s  which  r e a l i s t i c a l l y  

a p p r o x i m a t e  t h e  f l o w  s i t u a t i o n  j u s t  d e s c r i b e d ,  a n  o r d e r  o f  magn i tude  a s s e s s m e n t  

o f  t h e  t e r m s  i n  t h e  b a s i c  c o n s e r v a t i o n  e q u a t i o n s  is  needed.  T h i s  i s  p r o p e r l y  

c a r r i e d  o u t  by  f i r s t  nondimens i o n a l i z i n g  t h e  c o n s e r v a t  i o n  e q u a t i o n s .  The f o l l o w i n g  

nond imens iona l  v a r i a b l e s  a r e  i n t r o d u c e d  which a r e  a p p r o p r i a t e  t o  t h e  problem u n d e r  

c o n s i d e r a t  i o n .  

- - h == - where 
h: H,= . 



where  - d *A +,< 
'3' - ( qRix) 

It shou ld  be no ted  t h a t  t h e  e q u a t i o n s  i n  t h e  p r e v i o u s  s e c t i o n s  a r e  i n  

d i m e ~ s i o n a l  form. I n  t h i s  s e c t i o n  a s u p e r s c r i p t  * w i l l  d e n o t e  d i m e n s i o n a l  

v a r i a b l e s  u n l e s s  i t  i s  e x p l i c i t l y  s t a t e d  o t h e r w i s e .  

The d i m e n s i o n a l  g l o b a l  c o n t i n u i t y  e q u a t i o n  is : 

d +cA+c+c d "A ;'; 9- 

-(r Pu) + - (Fr  p v )  = 0 d x* dY" 

Using  t h e  d i m e n s i o n l e s s  v a r i a b l e s  s t a t e d  i n  Eq. 4.1 t h e  above e q u a t i o n  may be  

w r i t t e n  as 

D i v i d i n g  b y  P: y i e l d s  t h e  d i m e n s i o n l e s s  form 

From Eq. 3.8, t h e  d i m e n s i o n a l  s p e c i e s  c o n t i n u i t y  e q u a t i o n  is: 



I n t r o d u c i n g  d i m e n s i o n l e s s  v a r i a b l e s  g i v e s  

which  y i e l d s  

S u b s t i t u t i n g  Eqs .  3 .16 ,  3 .18  and 3 .19  i n t o  E q .  3 .15  y i e l d s  t h e  d i m e n s i o n a l  

x-momentum e q u a t i o n  

-1. 

d  u ' + K>k ,/ +)I b zr**p'- Z' I ,, du" + d u ; k  - 
dx" - -  d r  [ r d x  

P r o c e e d i n g  as b e f o r e  t h e  d i m e n s i o n l e s s  v a r i a b l e s  a r e  i n t r o d u c e d .  



By l e t t i n g  

and c a n c e l l i n g  d imens ion less  t e rms  y i e l d s  t h e  dimensionless<-momentum e q u a t i o n .  



The y-momentum e q u a t i o n  can be s t a t e d  i n  dimensional  form from E q s ,  

3.15 -, 3.19.  



I n t r o d u c t i o n  o f  nond imens iona l  v a r i a b l e s  i n t o  t h e  y-momentum e q u a t i o n s  

f o l l o w s  t h e  same p r o c e d u r e  and p a t t e r n  as i n  t h e  x-momentum e q u a t i o n .  The 

r e s u l t i n g  nond imens iona l  y-momentum e q u a t i o n  is :  

dv p A u  - A -  dv - A ~ P  
d< 

+ p r  K V - -  - p ~ r ~ u ~  + Kt- - 
dY dY 

- I dv + - -  du 
d Y "u] K ) 

i~ a 8 a + -(h--(r%) d~ d t  + A - - (P~Av))  d  Y + - ( 2 ~ r ~ ~ d V )  (3 Y d~ 

Using  Eqs .  3 . 2 0  w i t h  3 .16 ,  3 .17  and  3 . 1 9  t h e  e n e r g y  e q u a t i o n  c a n  be  

w r i t t e n  i n  d i m e n s i o n a l  form: 

I dv" d  U" * d p r , A p u k  - - -- + - - Zu;1 + @ (  [ F d x  dy~ ;  2 

where  t h e  d i f f u s i o n a l  and r a d i a t i v e  f l u x  d i v e r g e n c e  t e r m s ,  A* , a r e  d e f i n e d  

i n  E q .  4 . 1 .  S u b s t i t u t i o n  o f  t h e  nond imens iona l  r a t i o s  from E q .  4 . 1  y i e l d s  



I n t r o d u c i n g  t h e  Reynolds  number t h e  nond imens iona l  e n e r g y  e q u a t i o n  

c a n  be w r i t t e n :  

Having  s t a t e d  t h e  nond imens iona l  c o n s e r v a t i o n  e q u a t i o n s  we a r e  c o n f r o n t e d  

w i t h  t h e  problem o f  e s t i m a t i n g  t h e  r e l a t i v e  magni tude  o f  t h e  terms i n  e a c h  

e q u a t  i o n .  

Accord ing  t o  t h e  r e s u l t s  o f  Hayes and P r o b s t e i n  Ref .  4.2 t h e  g a s  beh ind  

a bow s h o c k  o f  a  h y p e r v e l o c i t y  v e h i c l e  is a cont inuum f o r  f r e e s t r e a m  Reyno lds  

numbers g r e a t e r  t h a n  100 based  on p r i n c i p l e  body r a d i u s .  F u r t h e r ,  t h e  s t a n d o f f  



d i s t a n c e  nondimensional ized by body r a d i u s  f o r  f l i g h t  Reynolds numbers g r e a t e r  

t h a n  100 h a s  been shown t o  be a p p r o x i m a t e l y  e q u a l  t o  t h e  d e n s i t y  r a t i o  a c r o s s  

t h e  bow shock .  It can  be q u i t e  s imply  shown t h a t  t h e  d e n s i t y  r a t i o  f o r  

h y p e r s o n i c  Mach numbers i s  o f  t h e  o r d e r  of  one t e n t h  and l e s s  f o r  d i s s o c i a t i n g  

g a s e s .  These s t a t e d  r e l a t i o n s h i p s  c a n  be expressed  as f o l l o w s :  

S ince  we a r e  concerned w i t h  a t h i n  l a y e r  w i t h  r e s p e c t  t o  t h e  body r a d i u s ,  

P r a n d t l s  concep t s  f o r  t h e  r e l a t i v e  o r d e r  o f  magnitude of  t e rms  i n  t h e  con- 

s e r v a t i o n  e q u a t i o n s  can be employed. From S c h l i c h t i n g  Ref .  4 . 6 ,  t h e  r e l a t i o n -  

s h i p s  f o r  t h e  r e l a t i v e  o r d e r  o f  nondimensional ized t e rms  may be w r  

u - I  v - p  K - I  

Using t h e  above e s t i m a t e s  t h e  r e l a t i v e  o r d e r  o f  magnitude o f  t h e  t e rms  

i n  t h e  f o u r  c o n s e r v a t i o n  e q u a t i o n s  have been de te rmined .  

Globa l  c o n t i n u i t y  
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Using t h e  lower l i m i t  on Reynolds number we obse rve  



-2 A t  t h i s  l ower  l i m i t  on Reyno lds  number, l e t  u s  d r o p  a l l  terms o f  o r d e r  P 
and h i g h e r  i n  a l l  e q u a t i o n s  e x c e p t  t h e  y-momentum e q u a t i o n .  I n  t h e  y-momentum 

e q u a t i o n  terms o f  o r d e r  p2 a r e  r e t a i n e d  f o r  a s p e c i f i c  r e a s o n .  Along 

t h e  s t a g n a t i o n  l i n e ,  = 0, t h e  U component o f  v e l o c i t y  i s  z e r o .  Thus 

t h e  y-momentum e q u a t i o n  i s  o f  one  o r d e r  l ower  a t  < = 0. It i s  a p p r o p r i a t e  

i n  t h i s  c a s e  t o  c o n s i d e r  t e r m s  o f  two o r d e r s  o f  magn i tude  i n  t h i s  e q u a t i o n  

namely P and p2 . The r e s u l t i n g  c o n s e r v a t i o n  e q u a t i o n s  a r e :  

G l o b a l  c o n t i n u i t y  

S p e c i e s  c o n t i n u i t y  



-momentum ( OCPl  and l a r g e r  t e r m s )  

j/ -momentum ( 0 [ P ~ ]  and l a r g e r  t e rms)  - 
0 cp1 

0 
0 Cpl 0Cl1 

0 

+ p r ~ ~ ~ a  - + K Y  - AdP - 
dY dY 

A t  < =O t h e  above e q u a t i o n  h a s  t e rms  which a r e  of o r d e r  P and p2. 
Two terms which can be d i r e c t l y  e l i m i n a t e d  from t h i s  e q u a t i o n  when U 0 
a t  % = 0 a r e  i n d i c a t e d  by a r r o w s .  It is  i n t e r e s t i n g  t o  note  t h a t  t h e  



c o n v e c t i v e  and v i s c o u s  terms a r e  o f  t h e  same o r d e r  a l o n g  t h e  s t a g n a t i o n  

1 i n e  . 
Energy 

The s i m p l i f i e d  s e t  o f  c o n s e r v a t i o n  e q u a t i o n s ,  Eqs . 4.15,  4.20 - 4.24 

form a s e t  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  ( n e g l e c t i n g  t h e  r a d i a t i v e  terms)  

which a r e  v a l i d  f o r  Reynolds numbers g r e a t e r  t h a n  100.  It i s  obv ious  t h a t  

t h e  terms which have been dropped due t o  o r d e r  o f  magnitude r e a s o n i n g  become 

l e s s  s i g n i f i c a n t  as t h e  Reynolds number is i n c r e a s e d .  These " t h i n  shock 

l a y e r "  e q u a t i o n s  a r e  t h e  same as second o r d e r  boundary l a y e r  e q u a t i o n s  w i t h  

c u r v a t u r e  t e rms .  

To t h i s  p o i n t  l i t t l e  h a s  been s a i d  about  t h e  b u l k  v i s c o s i t y  which 

a p p e a r s  i n  t h e  term i n  t h e  momentum and energy  e q u a t i o n s .  T h i s  h a s  been 

done f o r  t h e  sake  o f  g e n e r a l i t y .  However, t o  i n t e r p r e t  t h e  p r e s s u r e  i n  o u r  

e q u a t i o n s  as t h e  l o c a l  thermodynamic p r e s s u r e  Stokest  p o s t u l a t e  

must be a c c e p t e d .  The b u l k  v i s c o s i t y  F: is a d i r e c t  i n d i c a t i o n  of  t h e  

d e p a r t u r e  of t h e  mean p r e s s u r e  from t h e  thermodynamic p r e s s u r e  e x p r e s s e d  by  

t h e  e q u a t i o n  of  s t a t e  Ref .  4.7. F u r t h e r ,  L a i t o n e  Ref.  4.7 p o i n t s  o u t  t h a t  

by a c c e p t i n g  S tokes  p o s t u l a t e  f o r  compress ib le  f lows we a r e  a t  b e s t  r e s t r i c t e d  

t o  monatomic g a s e s .  T h i s  a p p e a r s  t o  be a  r a t h e r  s t r i n g e n t  assumpt ion u n t i l  

one examines t h e  type  o f  b e h a v i o r  a polyatomic  gas  must e x h i b i t  t o  s i g n i f i c a n t l y  

d e v i a t e  from monatomic b e h a v i o r .  To a f i r s t  approx imat ion  t h e  b u l k  v i s c o s i t y  

c h a r a c t e r i z e s  t h e  dependence of  p r e s s u r e  on  t h e  r a t e  o f  change of  d e n s i t y  



Ref .  4.8.  Gases which e x h i b i t  showly e x c i t e d  i n t e r n a l  d e g r e e s  o f  freedom 

( i . e .  r o t a t i o n a l  o r  v i b r a t i o n a l )  i n  f lows  which have r a p i d  changes i n  t h e  

s t a t e  o f  t h e  f l u i d ,  t h e  p r e s s u r e  cannot  f o l l o w  t h e  changes i n  d e n s i t y  and 

d i f f e r s  from i t s  v a l u e  f o r  thermodynamic e q u i l i b r i u m .  Thus ,  a c c e p t i n g  S t o k e s 1  

p o s t u l a t e  f o r  b u l k  v i s c o s i t y  i s  c o n s i s t e n t  w i t h  o u r  b a s i c  assumpt ion of l o c a l  

thermodynamic e q u i l i b r i u m  used throughout  t h i s  development.  Hencefor th ,  we 

i n  o u r  e q u a t i o n s .  I n  t h i n  shock l a y e r  e q u a t i o n s  S t o k e s '  r e l a t i o n  i s  needed 

o n l y  f o r  t h e  y-momentum e q u a t i o n .  The o r d e r  a n a l y s i s  h a s  e l i m i n a t e d  a l l  

terms c o n t a i n i n g  i n  both  t h e  x-momentum and e n e r g y  e q u a t i o n .  

I n  a d d i t i o n  t o  t h e  s i m p l i f i c a t i o n s  from t h e  o r d e r  o f  magnitude a n a l y s i s ,  

f u r t h e r  s i m p l i f i c a t i o n  o f  t h e  r a d i a t i v e  f l u x  d i v e r g e n c e  t e r m  i n  t h e  e n e r g y  

e q u a t i o n  is n e c e s s a r y  i n  o r d e r  t o  s o l v e  t h e  s e t  o f  i n t e g r o - p a r t i a l  d i f f e r e n t i a l  

e q u a t i o n s  i n  a  p r a c t i c a l  manner. Without a d d i t i o n a l  s i m p l i f i c a t i o n  t h e  

c o n s e r v a t i o n  e q u a t i o n s  a r e  e l l i p t i c .  Two assumpt ions  a r e  made h e r e  i n  o r d e r  

t o  e v a l u a t e  t h e  r a d i a t i v e  f l u x  d ive rgence  t e rm ARY . 
The shock  l a y e r  geometry is approximated l o c a l l y  by a n  i n f i n i t e  

p lane  s l a b .  

e The shock l a y e r  i s  assumed t o  be l o c a l l y  one i o n a l  i n  t h a t  

r a d i a t i v e  t r a n s p o r t  c h a r a c t e r i s t i c s  v a r y  o n l y  a c r o s s  t h e  i n f i n i t e  

p lane  s l a b .  

It h a s  been shown t h a t  t h i s  one-dimensional  p lane  s l a b  model can  be 

used i n  o b t a i n i n g  q u a n t i t a t i v e l y  v a l i d  r e s u l t s  Ref .  4.9.  F u r t h e r ,  t h i s  model 

i d e n t i c a l l y  s a t i s f i e s  t h e  o r d e r  o f  magnitude a n a l y s i s  which dropped AR,Y . 
The mathemat ica l  development of  t h i s  model f o l l o w s  t h a t  p r e s e n t e d  by S p r a d l e y  

and Engel  Ref .  4.10 w i t h  t h e  excep t  i o n  t h a t  boundary c o n d i t i o n s  a r e  l e f t  

g e n e r a l  f o l l o w i n g  t h e  work of  R. and M. Goulard Ref .  4.11. 

We n o t e  t h a t  d imens iona l  e q u a t i o n s  w i l l  be used th roughout  t h e  r e s t  of 

t h i s  s e c t i o n  w i t h o u t  t h e  s u p e r s c r i p t  * n o t a t i o n  u n l e s s  t h e  s u p e r s c r i p t  is  

needed f o r  c l a r i t y .  



L e t  u s  c o n s i d e r  t h e  r a d i a t i v e  t r a n s f e r  Eq. 1 .27  

-- ' + 1 = %(Bv - I") 
c d t  

Fo l lowing  t h e  a s s u m p t i o n s  o f  S e c t i o n  I l e t  

T h e r e f o r e  o u r  t r a n s f e r  e q u a t i o n  can  be  w r i t t e n  

By imposing  t h e  one -d imens iona l  a p p r o x i m a t i o n ,  t h e  r a d i a t i v e  t r a n s f e r  e q u a t i o n  

f o r  t h e  y - d i r e c t i o n  may be w r i t t e n  

F o r  t h e  o n e - d i m e n s i o n a l  problem t h e  a b s o r p t i o n  and e m i s s i o n  c h a r a c t e r  is t ics 

v a r y  o n l y  i n  one  d i r e c t i o n ,  y .  T h i s  f a c t  i s  s u f f i c i e n t  i n f o r m a t i o n  t o  s o l v e  

Eq. 4 . 2 8  f o r  t h e  s p e c i f i c  i n t e n s i t y  by i n t e g r a t i o n  i n  y .  We w i l l  s e e  l a t e r  

t h a t  a l t h o u g h  t h e  s p e c i f i c  i n t e n s i t y  is  e v a l u a t e d  o n e - d i m e n s i o n a l l y  ehe  r a d i -  

a t i v e  f l u x  and f l u x  d i v e r g e n c e  must be e v a l u a t e d  o v e r  a l l  s p a c e .  C o n s e q u e n t l y  

t h e  f l u x  d i v e r g e n c e  is i n t e g r a t e d  o v e r  a n  i n f i n i t e  p l a n e  s l a b  which  h a s  t h e  

same i n t e n s i t y  v a r i a t i o n  a c r o s s  t h e  s l a b  a t  a n y  s t a t i o n  down t h e  s l a b .  

I n  o r d e r  t o  c l a r i f y  t h e  s o l u t i o n  o f  Eq. 4 . 2 8 ,  F i g .  4 . 2  is  p r e s e n t e d .  

From F i g .  4 . 2  we o b s e r v e  

where (, ZEE COS 9 
By d e f i n i n g  t h e  o p t i c a l  d e p t h  as 

and u s i n g  Eq. 4 . 2 9  t h e  r a d i a t i v e  t r a n s f e r  e q u a t i o n  c a n  be  r e w r i t t e n  



The r a d i a t i v e  t r a n s f e r  Eq.  4 . 3 1  c a n  be s o l v e d  f o r m a l l y  by u s i n g  t h e  v a r i a b l e  

c o e f f i c i e n t  method: 

S u b s t i t u t i o n  o f  t h e  above  r e l a t i o n  i n t o  Eq. 4 . 3 1  and s o l v i n g  f o r  t h e  c o n s t a n t  

C(TV)  y i e l d s  

Thus t h e  g e n e r a l  e x p r e s s i o n  f o r  t h e  s p e c i f i c  i n t e n s i t y  is 

S p l i t t i n g  t h e  i n t e g r a t  i n t o  two P a r t s  and  c o n d i t i o n s  

y i e l d s  

where  

The above e q u a t i o n s  d e s c r i b e  t h e  r a d i a t i o n  f i e l d  i n  t e r m s  o f  t e m p e r a t u r e  

t h r o u g h  P l a n c k ' s  f u n c t i o n  By f o r  a n o n s c a t t e r i n g  g a s .  The q u a n t i t i e s  
4- 

~ v ,  and Iv (Kw) are boundary  c o n d i t i o n s  and t h e  e x p o n e n t i a l s  



r e p r e s e n t  a t t e n u a t i o n  o v e r  o p t i c a l  p a t h  l e n g t h .  

U s i n g  E q s .  4 . 3 4  and 4 . 3 5  f o r  t h e  s p e c i f i c  i n t e n s i t y ,  t h e  r a d i a t i v e  

f l u x  and f l u x  d i v e r g e n c e  may b e  e v a l u a t e d .  R e c a l l i n g  f r o m  S e c t i o n  I t h e  

r a d i a t i v e  f l u x  t e r m  c a n  be  e x p r e s s e d  as 

- 
F o r  t h e  geome t ry  u n d e r  c o n s i d e r a t i o n  t h e  u n i t  v e c t o r  c a n  be r e p a c e d  by  t h e  

d i r e c t i o n  c o s i n e  G . From F i g .  4 . 3  we n o t e  t h a t  

and  

(4 = cos 'p 

T h e r e f o r e  

S u b s t i t u t i o n  o f  Eq .  4 . 3 7  i n t o  4 . 3 6  y i e l d s  

S i m p l i f y i n g  f o r  t h e  one  d i m e n s i o n a l  c a s e  by  i n t e g r a t i o n  i n  d @  y i e l d s  

It i s  c o n v e n i e n t  t o  s p l i t  t h e  i n t e g r a t i o n  i n  E q .  4.39. 

Iv 2 1  



Thug t h e  menocromat ic  h e a t  f l u x  is t h e  

S u b s t i t u t i n g  Eq .  4.34 and 4.35 i n t o  4.40 y i e l d s  

where  t h e  d i r e c t i o n  c o s i n e ,  C , dependence  i s  e x p r e s s e d  i n  t e r m s  of  the 

e x p o n e n t i a l  i n t e g r a l  f u n c t i o n  o f  o r d e r  n. 

L e t  u s  examine  t h e  r a d i a t i v e  f l u x  e q u a t i o n  g i v e n  i n  S e c t i o n  I11 

D i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  y we o b t a i n  



which i s  t h e  r a d i a t i v e  f l u x  d i v e r g e n c e  i n  t h e  y  d i r e c t i o n .  I n  o u r  e n e r g y  

e q u a t i o n ,  E q .  4 . 2 4 ,  we have  t h e  t e r m  

Due t o  t h e  one -d imens iona l  p l a n a r  s l a b  a p p r o x i m a t i o n  t h i s  term w i l l  be  

r e p r e s e n t e d  b y  

As a r e s u l t  o f  t h i s  a p p r o x i m a t i o n ,  a n  e v a l u a t i o n  o f  Eq. 4 .45  is  s u f f i c i e n t  

t o  d e s c r i b e  t h e  r a d i a t i v e  t r a n s f e r  i n f l u e n c e  i n  t h e  e n e r g y  e q u a t i o n .  

I n  o r d e r  t o  e v a l u a t e  E q .  4 .45 ,  t h e  i n t e n s i t y  a t  a f i x e d  p o i n t  y  and  i n  

a d i r e c t i o n  d e f i n e d  b y  @ and L i s  i n t e g r a t e d  o v e r  a l l  s o l i d  a n g l e s .  

S u b s t i t u t i n g  f o r  t h e  s o l i d  a n g l e ,  t h e  i n t e g r a t i o n  f o r  a one-dimens i o n a l  

p l a n e  s l a b  c a n  be r e a d i l y  c a r r i e d  o u t ,  

where t h e  i n n e r  i n t e g r a l  is 



E q .  4.48 can  be s i m p l i f i e d  by i n t e r c h a n g i n g  t h e  o r d e r  o f  i n t e g r a t i o n  as sub-  

s t i t u t i n g  t h e  e x p o n e n t i a l  i n t e g r a l  f u n c t i o n .  

S u b s t i t u t i n g  E q .  4.49 i n t o  4.47 p r o v i d e s  a n  e x p r e s s i o n  f o r  t h e  r a d i a t i v e  

f l u x  d i v e r g e n c e  i n  a one-dimensional  s l a b .  

where t h e  e x p o n e n t i a l  i n t e g r a l  f u n c t i o n  En h a s  t h e  f o l l o w i n g  c h a r a c r e r -  

is t i c s  . 
En(t) = En(-t) for n = 1,3,5,7, * - .  

(4.51) 
~ ~ ( t )  = -En(-t) for n = 2,4,6,8,=** 

E q .  4.50 i s  v a l i d  f o r  a r b i t r a r y  boundary c o n d i t i o n s  w i t h  t h e  e x c e p t i o n  t h a t  

o n l y  one boundary r e f l e c t i o n  o f  a  photon packe t  is a l lowed .  I n  p r a c t i c e ,  



f o r  a shock  l a y e r  s o l u t i o n ,  t h e  s u b s c r i p t  " w "  is i n t e r p r e t e d  as c o n d i t i o n s  

a t  t h e  w a l l  o r  body and 'Is" as c o n d i t i o n s  a t  t h e  shock .  Under t h i s  i n t e r -  

p r e t a t i o n  I - ( T V . s ) = ~  b a r r i n g  p r e c u r s o r  r a d i a t i o n  and t h e  o p t i c a l  d e p t h  

a t  t h e  w a l l  TV,, = 0.  F u r t h e r ,  f o r  t h e  c a s e  o f  a p e r f e c t  a b s o r b i n g  w a l l  

If ( 0 )  = 0 .  These  s i m p l i f i c a t i o n s  a r e  t h e  u s u a l  o n e s  made i n  d e s c r i b i n g  

r a d i a t i o n  t r a n s p o r t  i n  a r a d i a t i n g  s h o c k  l a y e r .  Making t h e s e  s i m p l i f i c a t i o n s  

r e d u c e s  Eq. 4.50 t o  Eq. B . 31  o f  R e f .  4 . 1 0 .  

The one -d imens iona l  p l a n a r  s l a b  approx ima t  i o n s  which  r e s u l t  i n  E q .  

4 .50 have  i m p o r t a n t  r a m i f i c a t i o n s  t o  o u r  s h o c k  l a y e r  problem.  R a d i a t i o n  cal- 

c u l a t i o n s  c a n  be  made u s i n g  Eq. 4 . 5 0  a t  e a c h  < l o c a t i o n  independen t  o f  o t h e r  

l o c a t i o n s .  T h i s  makes t h e  t h i n  s h o c k  l a y e r  e q u a t i o n s  a set o f  p a r a b o l i c  

i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s  which c a n  be s o l v e d  u s i n g  marching  schemes 

which a r e  u s e d  f o r  c l a s s i c a l  bounda ry  l a y e r  e q u a t i o n s .  

An o b s e r v a t i o n  c o n c e r n i n g  t h e  p l a n a r  s l a b  a p p r o x i m a t i o n  i s  i n  o r d e r  

a t  t h i s  p o i n t .  T h i s  a p p r o x i m a t i o n  e l i m i n a t e s  a l l  c u r v a t u r e  e f f e c t s  f rom t h e  

r a d i a t i o n  c a l c u l a t i o n .  A  more a p p r o p r i a t e  a p p r o x i m a t i o n  f o r  most ax i symmet r i -  

c a l l y  b l u n t e d  v e h i c l e s  would be a c o n c e n t r i c  s p h e r e  a p p r o x i m a t i o n  f o r  t h e  

b o u n d a r i e s  o f  t h e  s h o c k  l a y e r  as proposed  b y  V i s k a n t a  R e f .  4 .12 .  Fo r  a 

two-d imens iona l  body t h e  c o r r e s p o n d i n g  a p p r o x i m a t i o n  is q u i t e  o b v i o u s l y  con-  

c e n t r i c  c y l i n d e r  b o u n d a r i e s .  However, as p o i n t e d  o u t  b y  V i s k a n t a  R e f ,  4 .12  

c o m p a r a t i v e l y  l i t t l e  a t t e n t i o n  h a s  been  g i v e n  t o  r a d i a t i v e  t r a n s f e r  i n  c u r v i -  

l i n e a r  s y s t e m s .  The p a p e r  b y  V i s k a n t a  a n a l y z e d  t h e  s t e a d y  s t a t e  r a d i a t i v e  

t r a n s f e r  be tween two c o n c e n t r i c ,  g r a y ,  opaque s p h e r e s  s e p a r a t e d  b y  a g r a y  

a b s o r b i n g  and e m i t t i n g  medium which  g e n e r a t e d  h e a t  u n i f o r m i l y .  He c o n c l u d e d ,  

f o r  c o n s t a n t  a b s o r p t i o n  c o e f f i c i e n t s ,  t h a t  c u r v a t u r e  e f f e c t s  were  e v i d e n t  

f o r  c o n c e n t r i c  s p h e r e  r a d i i  r a t i o s  as h i g h  as .99. T h i s  c o r r e s p o n d s  a p p r o x i -  

m a t e l y  t o  a s h o c k  s t a n d o f f  d i s t a n c e  o f  Z .01 . Nominal h y p e r s o n i c  

s t a n d o f f  d i s t a n c e s  are .04 5 8/R .lo, From V i s k a n t a ' s  work we are l e d  

t o  e x p e c t  t h a t  c u r v a t u r e  e f f e c t s  may be  s i g n i f i c a n t  f o r  b o t h  r a d i a t i v e  f l u x  

and f l u x  d i v e r g e n c e  i n  a t y p i c a l  shock  l a y e r .  The a c t u a l  magni tude  o f  t h e s e  

e f f e c t s  are  d i f f i c u l t  t o  assess because  o f  t h e  c o n s t a n t  a b s o r p t i o n  c o e f f i c i e n t  

a s s u m p t i o n  and d i f f e r e n c e s  i n  boundary  c o n d i t i o n s  f o r  t h e  problems u n d e r  

c o n s i d e r a t i o n .  Thus a n  a c c u r a t e  aa ses smen t  o f  c u r v a t u r e  e f f e c t s  on s h o c k  

l a y e r  r a d i a t i v e  t r a n s p o r t ,  t o  t h e  a u t h o r s '  knowledge ,  i s  a b s e n t  t o d a y .  It is  f e l t  



t h a t  u s i n g  a c o n c e n t r i c  s p h e r e  model i s  ana logus  t o  i n c l u d i n g  bo th  f i r s t  and 

second o r d e r  e f f e c t s  whereas  t h e  i n f i n i t e  p a r a l l e l  p l a t e  model i n c l u d e s  o n l y  

f i r s t  o r d e r  e f f e c t s .  However, f o r  t h e  p r e s e n t  we w i l l  u s e  t h e  i n f i n i t e  

p a r a l l e l  p l a t e  model i n  o u r  development.  

As a r e s u l t  o f  t h e  o r d e r  o f  magnitude a n a l y s i s ,  t h e  b u l k  v i s c o s i t y  

assumpt ion,  and t h e  r a d i a t i v e  t r a n s f e r  model t h e  t h i n  shock l a y e r  e q u a t i o n s  

may be w r i t t e n  i n  t h e  f o l l o w i n g  d imens iona l  form: 

Globa l  c o n t i n u i t y  

S p e c i e s  c o n t i n u i t x  

X - Momentum 

- Momentum ( 0LP-J and l a r g e r  terms)  



( 0 [pZ] and l a r g e r  t e rms  1 

P 1 N. DT - J~,Y - 
( - - ' Mi lDij Mj N~ i jri Mi 

L e t  u s  now examine t h e  s i m p l i f i c a t i o n s  which a r e  needed t o  o b t a i n  t h e  

c l a s s i c a l  boundary l a y e r  e q u a t i o n s  from t h e  t h i n  shock l a y e r  e q u a t i o n s  s t a t e d  

above.  F i r s t ,  l e t  u s  d r o p  a l l  te rms o f  o r d e r  p o r  s m a l l e r .  The r e s u l t i n g  

e q u a t i o n s  a r e  : 

Globa l  c o n t i n u i t y  

S p e c i e s  c o n t i n u i t y  



)( - Momentum ( f i r s t  o r d e r )  

V - Momentum ( f i r s t  o r d e r )  
* 

Energy  ( f i r s t  o r d e r )  

- + ~ z  N D: Jjy I _r- ( Jiy 1 - ?rA - d q ~ , ~  
i jpi Mi IDi,j '(Mj H Mi dY (4.60) 

A d d i t i o n a l  s i m p l i f i c a t i o n s  c a n  be made b y  n e g l e c t i n g  t h e  bounda ry  l a y e r  

t h i c k n e s s  i n  compar i son  t o  t h e  l o c a l  body r a d i u s .  T h i s  i m p l i e s  

CV 

K-0,  K C [ ,  and rA- rt (4.61) 

Using  t h e s e  l i m i t s ,  Eqs.  4.52,  4.53,  4 . 5 8 4  4 .60  can be  w r i t t e n :  

G l o b a l  c o n t i n u i t y  (B.L.) 

S p e c i e s  c o n t i n u i t y  (B.L.) 

I a 2 ( P C ~ V )  ( P C )  + dY - d - ( J )  + wi  (4 .63)  
r," a x  

X - Momentum (B.L.) 

du __I -- - t3 du dP + -----(p-) (4.64) 
p" -JY- dx dY dY 



Equa t ions  4.62 through 4.66 a r e  e s s e n t i a l l y  t h e  same as t h e  boundary 

l a y e r  (B.L.) e q u a t i o n s  which a r e  g iven  by Fay and R i d d e l l  Ref.  4.13,  Dorance 

Ref .  4.14 and o t h e r s .  The boundary l a y e r  e q u a t i o n s  f o r  a f l a t  p l a t e  are 

o b t a i n e d  by s imply n o t i n g  t h a t  r i s  n o t  a f u n c t i o n  o f  X .  We can  con- 

c l u d e  from t h e  f o r e g o i n g  s i m p l i f i c a t i o n s  o f  t h e  t h i n  shock l a y e r  e q u a t i o n s  

t h a t  t h e  c l a s s i c a l  P r a n d t l  type boundary e q u a t i o n s  c o n t a i n  o n l y  f i r s t  o r d e r  

terms which e x h i b i t  no normal component c u r v a t u r e  e f f e c t s  . 
Having s t a t e d  t h e  t h i n  shock l a y e r  and boundary l a y e r  e q u a t i o n s ,  t h e  

a p p r o p r i a t e  boundary c o n d i t i o n s  f o r  t h e  two sets of  e q u a t i o n s  can now be  

d i s c u s s e d .  F i g u r e  4.4 p r e s e n t s  a s k e t c h  o f  t h e  v a r i o u s  r e g i o n s  and boundar ies  

of p a r t i c u l a r  i n t e r e s t  i n  t h e  t h i n  shock l a y e r  problem. We note  t h a t  i n  

a d d i t i o n  t o  t h e  shock l a y e r  r e g i o n  t h e  c h a r  l a y e r  and decomposit ion zone a r e  

impor tan t  i n  o u r  problem. These r e g i o n s  a r e  impor tan t  because t h e  momentum, 

e n e r g y  and mass t r a n s f e r  i n  t h e  c h a r  and decomposi t ion r e g i o n s  a r e  i n t i m a t e l y  

coupled t o  t h e  t r a n s f e r  i n  t h e  shock l a y e r .  T h e o r e t i c a l l y  we could  c o n s i d e  

a l l  t h e  p r o c e s s e s  which t a k e  p l a c e  between t h e  shock wave and t h e  v i r g i n  

p l a s t i c  of t h e  body and a t t e m p t  t o  s o l v e  t h e  govern ing  e q u a t i o n s  f o r  t h i s  

boundary valued problem. However, i t  is  more p r a c t i c a l  t o  d i v i d e  t h e  s o l u t i o n  

of t h i s  g e n e r a l  problem i n t o  a shock l a y e r  and m a t e r i a l  response problem 

and i t e r a t e  on t h e  boundary c o n d i t i o n s  a t  t h e  m a t e r i a l  s u r f a c e .  T h e r e f o r e ,  

i t  is impor tan t  t o  r e a l i z e  what in fo rmat ion  i s  a v a i l a b l e  from t h e  m a t e r i a l  

r esponse  s o l u t i o n  which cou ld  be used f o r  boundary c o n d i t i o n s  of t h e  t h i n  

shock l a y e r  e q u a t i o n s .  Th is  is  accomplished by u s i n g  s u r f a c e  b a l a n c e s .  With 

t h i s  p e r s p e c t i v e  o f  t h e  g e n e r a l  problem i n  mind, t h e  n a t u r e  of t h e  t h i n  shock 

l a y e r  e q u a t i o n s  and boundary c o n d i t i o n s  w i l l  be d i s c u s s e d .  



A s  noted previous ly ,  t he  t h i n  shock equat ions a r e  a  s e t  of pa rabo l i c  

i n t e g r o - d i f f e r e n t i a l  equat ions with i n i t i a l  values given along X == , 
the  s t agna t ion  l i n e .  Because the shock wave l o c a t i o n  i s  not known before  

hand, t he  b lunt  body problem i s  mathematically r e f e r r e d  t o  a s  a  f r e e  boundary 

problem. Given i n i t i a l  cond i t i ons  along the  s t agna t ion  l i n e  and boundary 

cond i t i ons  along t h e  body, t he  t h i n  shock l a y e r  equat ions  can t h e o r e t i c a l l y  

be solved wi th  a  simultaneous development of the  shock geometry and cor-  

responding shock boundary condi t ions .  The shock geometry (see Fig. 3.1) 

can be obtained by ca r ry ing  out  t he  fol lowing i n t e g r a t i o n .  

I n  p r a c t i c e  another  technique has  been used t o  determine the  shock 

geometry Ref. 4 . 3 ,  4.10 and o t h e r s .  The shock geometry is  assumed and spec- 

i f i e d  i n  terms of d€hx . I t e r a t i o n s  a r e  made around the  body u n t i l  t he  

input  and output  shock geometry co inc ide .  

I f  t he  shock geometry i s  known the Rankine-Hugoniot equat ions  can be 

used t o  o b t a i n  some of t h e  shock boundary cond i t i ons .  The development of 

these  equat ions  i n  c u r v i l i n e a r  coord ina tes  fol lows d i r e c t l y  from Ref. 4.10. 

The dimensional Rankine-Hugoniot equat ions  w r i t t e n  i n  r ec t angu la r  coo rd ina t e s  

a r e  : 

Cont inui ty  

Moment um 

(normal) 

( t a n g e n t i a l )  v;, r = v& (4.70) 



Using F i g .  4 .5  t h e  above e q u a t i o n s  can  be w r i t t e n  i n  body o r i e n t e d  c o o r d i n a t e s .  

From geometry we have 

d 
Us == vS'> C O S E  - V& SINE ( 4 . 73 )  

where 

* 
VS," = pu:cos+ 

7': v = , = U: SIN (# 

* * * 
S u b s t i t u t i n g  f o r  Vmp , VStn and Vm,,T Eqs. 4.72 and 4.73 y i e l d  

The p r e s s u r e  behind t h e  shock  can be o b t a i n e d  by u s i n g  t h e  normal momentum 
f * 

e q u a t i o n  and s u b s t i t u t i n g  f o r  Vman and VSan. 

* * 
By s u b s t i t u t i n g  f o r  Vmln and VStn t h e  energy e q u a t i o n  c a n  be w r i t t e n  

It can be shown t h a t  Eq. 4.77 is  a s i m p l i f i e d  form of 



Nondimensionalizing Eqs. 4.74 through 4.78 and dropping P, and h, 
which a r e  order  (7) y i e l d s  the fol lowing shock boundary condi t ions .  

vs = SIN SINE - PCOS# COSE (4.79) 

Us = SIN $ COS E + FCOS SIN E (4.80) 

It is important t o  r e a l i z e  t h a t  the  Rankine-Hugoniot r e l a t i o n s  a r e  v a l i d  only  

i f  s t rong  precursor  r a d i a t i o n  e f f e c t s  do not  become important.  The shock 

condi t ions  can be more adequately descr ibed f o r  the  s t r o n g  precursor  r ad i a -  

t i o n  problem with modified Rankine-Hugoniot r e l a t i o n s  presented by Zeldovich 

and Raezer Ref. 4.15. This r e s t r i c t i o n  i n  e f f e c t  provides an  upper Mach 

number l i m i t  on the  boundary condi t ions  of  t he  present  a n a l y s i s .  However, 

s i g n i f i c a n t  precursor  r a d i a t i o n  e f f e c t s  a r e  no t  experienced i n  a i r  below 

f l i g h t  v e l o c i t i e s  of approximately 60,000 t o  65,000 f t . / s e c .  a s  demonstrated 

by Lasher and Wilson Ref. 4.16. Therefore,  the  Rankine-Hugoniot r e l a t i o n s  

provide s a t i s f a c t o r y  boundary condi t ions  f o r  the  o u t e r  edge of t he  t h i n  

shock l aye r  equat ions  f o r  many problems of c u r r e n t  i n t e r e s t  i n  atmospheric 

en t ry .  Let us now w r i t e  t he  shock boundary condi t ions  a t  y = 8 .  

Ci = Cis ( E, hs ) ( ~ s s u m i n ~  chemical equi l ibr ium)  



The Rankine-Hugoniot equat ions  provide express  ions f o r  Us, Vs, Ps, and hs , 
The equat ion of s t a t e  and f r e e s  tream mass f r a c t i o n  provides the a d d i t i o n a l  

information needed t o  determine t h e  pos t  shock mass f r a c t i o n s  assuming 

chemicai equi l ibr ium.  The s p e c i f i c  i n t e n s i t y  coming through the  shock 

towards the  body i s  s p e c i f i e d  a s  zero.  We note  t h a t  i n  t o t a l  four  boundary 

condi t ions  a r e  needed f o r  the  energy equat ion  because of i t s  in tegro-  

d i f f e r e n t i a l  na tu re ,  Thus two boundary condi t ions ,  enthalpy and s p e c i f i c  

i n t e n s i t y ,  have been s p e c i f i e d  a t  t he  shock. 

The corresponding body su r f ace  boundary condi t ions  can be w r i t t e n  

f o r  y = 

The boundary condi t ions  s p e c i f i e d  i n  4.84 and 4.85 a r e  s u f f i c i e n t  t o  so lve  

the  t h i n  shock l aye r  equat ions .  However, s u b s t i t u t i o n  of equiva len t  

boundary condi t ions  f o r  some su r f ace  condi t ions  i s  found t o  be p r a c t i c a l .  

For example the  normal v e l o c i t y  a t  t he  wa l l  i s  u sua l ly  replaced by ( P V ) ~  . 
O f  g r e a t e r  p r a c t i c a l  importance i s  t he  wa l l  boundary condi t ion  on pressure .  

This p re s su re  i s  no t  known a  p r i o r i .  An equiva len t  boundary cond i t i on  - 
i s  then needed. There a r e  a t  l e a s t  two s u i t a b l e  boundary condi t ions  which 

might be used i n  l i e u  of pressure .  These a r e  the  normal pressure  g rad ien t  

a t  the shock o r  the  normal pressure  g rad ien t  a t  the body. The normal 

p re s su re  g rad ien t  a t  t he  shock could be s p e c i f i e d  by eva lua t ing  the  i n v i s c i d  

y - momentum equat ion a t  t he  shock using the  Rankine-Hugoniot equat ions .  

The normal pressure  g rad ien t  a t  t he  body could be s e t  equal  zero from boundary 



l a y e r  t h e o r y .  Each of  t h e s e  c o n d i t i o n s  would invo lve  some degree  o f  approx- 

i m a t i o n ,  To e v a l u a t e  t h e  p r e s s u r e  g r a d i e n t  a t  t h e  shock a n  approximate  

form of  t h e  c o n t i n u i t y  e q u a t i o n  i s  needed. Cor respond ing ly  t h e  z e r o  normal 

p r e s s u r e  g r a d i e n t  assumpt ion a t  t h e  w a l l  n e g l e c t s  t h e  w a l l  v e l o c i t y  head 

a t  t h e  body which would push t h e  t r u e  s t a g n a t i o n  p r e s s u r e  p o i n t  o f f  t h e  body. 

However, e a c h  o f  t h e  approx imat ions  a p p e a r s  t o  be c o n s i s t e n t  w i t h  t h e  o r d e r  

o f  magnitude a n a l y s i s .  An a d d i t i o n a l  c o m p l i c a t i n g  f a c t o r  a r i s e s  when one 

o b s e r v e s  what boundary c o n d i t i o n  i s  needed i n  t h e  m a t e r i a l  r e sponse  a n a l y s i s .  

The p r e s s u r e  a t  t h e  o u t e r  w a l l  i s  u s u a l l y  s p e c i f i e d  as a boundary c o n d i t i o n  

Ref .  4.17.  Thus by s p e c i f y i n g  a s l o p e  i n  t h e  f l o w  f i e l d  a n a l y s i s  t h e  p r e s -  

s u r e  a t  t h e  s u r f a c e  w i l l  be  c a l c u l a t e d  whereas  i n  t h e  m a t e r i a l  r e sponse  a n a l y -  

s i s  i t  is  s p e c i f i e d .  I d e a l l y  one would l i k e  t o  know and s p e c i f y  t h e  p r e s s u r e  

boundary c o n d i t i o n  f o r  b o t h  problems. T h i s  would e l i m i n a t e  i t e r a t i n g  on 

t h i s  v a r i a b l e  between t h e  two s o l u t i o n s .  

I n  add i t  i o n  t o  t h e  boundary c o n d i t i o n s  d i s c u s s e d  above,  a d d i t i o n a l  boundary 

c o n d i t i o n s  have been used when i n t e g r a l  t e c h n i q u e s  a r e  used t o  s o l v e  t h e  gov- 

e r n i n g  e q u a t i o n s .  The number o f  a d d i t i o n a l  boundary c o n d i t i o n s  used i s  

d i c t a t e d  i n  t h i s  c a s e  by  t h e  o r d e r  o f  polynomial  s e l e c t e d  t o  r e p r e s e n t  t h e  

v e l o c i t y  o r  e n t h a l p y  p r o f i l e s .  Some t y p i c a l  boundary c o n d i t i o n s  which have 

been used f o r  t h i s  purpose Ref.  4.10,  4.18 a r e :  

momentum: 

v a r i a b l e  o b t a i n e d  - by - 

IS; dy T o t a l  mass b a l a n c e  

x - momentum e v a l u a t e d  behind t h e  shock  o r  v o r t i c i t y  

S e v a l u a t e d  behind t h e  shock  

($Is = 0 Assuming no v i s c o u s  d i s s i p a t i o n  behind t h e  shock  

x -. momentum e v a l u a t e d  a t  t h e  body s u r f a c e  

Iv  34 



& 

Energy  Eq.  e v a l u a t e d  beh ind  t h e  s h o c k  

D i f f e r e n t i a t i o n  o f  t h e  e n e r g y  Eq .  e v a l u a t e d  beh ind  
t h e  s h o c k  a s suming  a c o n c e n t r i c  s h o c k  

T h i r d  d i f f e r e r e n t i a l  o f  t h e  e n e r g y  Eq.  e v a l u a t e d  be -  

0 h i n d  t h e  s h o c k  assuming a c o n c e n t r i c  s h o c k  and t h e  r a d i a -  
t i v e  f l u x  d i v e r g e n c e  i s  p r o p o r t i o n a l  t o  t h e  t o t a l  
e n t h a l p y  t o  a c o n s t a n t  power.  

The e n e r g y  e q u a t i o n  e v a l u a t e d  a t  t h e  w a l l  n e g l e c t i n g  
c u r v a t u r e  e f f e c t s  

T y p i c a l  bounda ry  c o n d i t i o n s  f o r  t h e  bounda ry  l a y e r  e q u a t i o n s  c a n  now b e  

d i s c u s s e d  i n  terms o f  t h e  o n e s  u sed  f o r  t h e  s h o c k  l a y e r  e q u a t i o n s .  O u t e r  

bounda ry  c o n d i t i o n s  a l o n g  a l i n e  be tween t h e  s h o c k  and t h e  body known as t h e  

B.L. edge  a r e  u s e d  r a t h e r  t h a n  t h e  Rankine-Hugonio t  e q u a t i o n s .  These  edge  

c o n d i t i o n s  a r e  u s u a l l y  o b t a i n e d  u s i n g  some i n v i s c i d  l a y e r  a n a l y s i s  wh ich  is 

bounded b y  a s h o c k  and a s t r e a m l i n e .  The method o f  c h a r a c t e r i s t i c s  i s  used  

f o r  t h e  s u p e r s o n i c  p o r t i o n  o f  t h e  f l o w  and  t y p i c a l l y  a B e l o s t s e r k o v s k i i  t e c h -  

n i q u e  is used  f o r  t h e  n e a r  s t a g n a t i o  

t h e  f o l l o w i n g  B .L. e d g e  c o n d i t i o n s  

( a s s u m i n g  c h e m i c a l  e q u i l i b r i u m )  

I; (The) ( u s u a l l y  n o t  u s e d )  



The B.L. w a l l  boundary  c o n d i t i o n s  c a n  be w r i t t e n :  

I ~ ( T % ~ )  = B,, ( u s u a l l y n o t  u s e d )  

I f  t h e  s p e c t r a l  i n t e n s i t y  i s  e l i m i n a t e d  f rom t h e  p r e v i o u s  two s e t s  o f  bounda ry  

c o n d i t i o n s  t h e y  a r e  e q u i v a l e n t  t o  t h o s e  p r e s e n t e d  i n  C h a p t e r  1 o f  Ref 4 .14 .  

One c a n  o b s e r v e  t h a t  t h e  problem o f  i t e r a t i n g  on  p r e s s u r e  be tween a boundary  

l a y e r  s o l u t i o n  and m a t e r i a l  r e s p o n s e  s o l u t i o n  is  e l i m i n a t e d .  However, t h i s  

problem is l e f t  u n r e s o l v e d  i n  t h a t  t h e  c o r r e c t  edge p r e s s u r e  can  be o b t a i n e d  

a c c u r a t e l y  o n l y  t h r o u g h  a n  i t e r a t i o n  p rocedure  be tween t h e  i n v i s c i d  f l o w  a n a l y -  

s i s  and t h e  boundary  l a y e r  a n a l y s i s .  It is a l s o  s i g n i f i c a n t  t o  p o i n t  o u t  t h a t ,  

a l t h o u g h  u s u a l l y  n o t  a t t e m p t e d ,  it  is c o m p u t a t i o n a l l y  r a t h e r  d i f f i c u l t  t o  

h a n d l e  B.L. and  i n v i s c i d  f l o w s  which  are c o u p l e d  by  r a d i a t i v e  t r a n s f e r .  I n  

a d d i t i o n  t o  t h e  g e o m e t r i c a l  i n t e g r a t i o n  problems t h e  boundary  c o n d i t i o n  on  

s p e c i f i c  i n t e n s i t y  o r  r a d i a t i v e  f l u x  i s  n o t  a s i n g l e  v a l u e  b u t  a f r e q u e n c y  

dependen t  f u n c t i o n  which must  be matched a t  t h e  B.L. e d g e .  

To t h i s  p o i n t  we h a v e  n o t  d i s c u s s e d  how i n i t i a l  v a l u e s  f o r  t h e  T.S.L. 

e q u a t i o n s  may be  d e t e r m i n e d .  T h i s  problem is  o f  n e a r  eq.ual impor t ance  t o  

t h e  e n t i r e  s h o c k  l a y e r  problem and w i l l  be d i s c u s s e d  i n  t h e  r ema inde r  o f  t h i s  

s e c t i o n .  To o b t a i n  i n i t i a l  v a l u e s  f o r  t h e  shock  l a y e r  s o l u t i o n ,  a r educed  

s e t  o f  t h e  T.S.L. e q u a t i o n s  must be s o l v e d  a t  X = 0 a l o n g  Y , t h e  s t a g n a t i o n  

l i n e .  The s o l u t i o n  o f  t h i s  s e t  o f  e q u a t i o n s  i s  o f  m a j o r  impor t ance  b e c a u s e  

(1) t h e  h i g h e s t  h e a t i n g  rates and p r e s s u r e s  on  a body a r e  e x p e r i e n c e d  a t  t h e  

s t a g n a t i o n  p o i n t  (2)  a n y  d i s t r i b u t i o n a l  shock  l a y e r  s o l u t i o n  because  o f  i t s  

p a r a b o l i c  n a t u r e  is o n l y  as v a l i d  as i t s  i n i t i a l  v a l u e s  and (3)  t h e  T.S.L. 

e q u a t i o n s  a l o n g  c h a r a c t e r i s t i c s  X * c o n s t a n t  r educe  t o  o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n s  l i k e  a t  t h e  s t a g n a t i o n  l i n e .  Thus by d e v e l o p i n g  a s t a g n a t i o n  

l i n e  s o l u t i o n  a n  i m p o r t a n t  problem is s o l v e d  and a g r e a t  d e a l  o f  t h e  work i s  



completed which is a p p l i c a b l e  t o  t h e  t o t a l  shock l a y e r  problem. T h i s  is  

p r i m a r i l y  why t h e  s t a g n a t i o n  l i n e  problem h a s  r e c e i v e d  a g r e a t  d e a l  of  a t t e n -  

t i o n  i n  t h e  p a s t  decade.  

The s o l u t i o n  t o  t h e  s t a g n a t i o n  l i n e  (S.L.) problem by d i r e c t  methods h a s  

been approached i n  two ways. The work o f  Ho and P r o b s t e i n  Ref .  4 .19  t y p i f i e s  

t h e  s t a g n a t i o n  r e g i o n  s o l u t i o n s  which use  expans ions  o f  the  dependent  v a r i a b l e s  

i n  X t o  o b t a i n  t h e  s t a g n a t i o n  and n e a r  s t a g n a t i o n  l i n e  e q u a t i o n s .  The work 

of  H o s h i z a k i  and Wilson Ref .  4 . 3  t y p i f i e s  t h e  s t a g n a t i o n  l i n e  s o l u t i o n s  which 

de te rmine  t h e  s t a g n a t i o n  l i n e  e q u a t i o n s  by f o r m a l l y  t a k i n g  t h e  l i m i t  o f  t h e  

terms i n  t h e  T.S.L. e q u a t i o n s  a t  X = 0 u s i n g  symmetry c o n d i t i o n s .  The l a t t e r  

method i s  used i n  t h i s  development .  

L e t  u s  f i r s t  examine t h e  g l o b a l  c o n t i n u i t y  e q u a t i o n  i n  expanded dimen- 

s i o n a l  form. 

A s  X -0 t h e  f o l l o w i n g  l i m i t  i s  approached 

I dr - SIN e lim 7~ - -1 case lxs0 = 0 X-0 (4.89) 

assuming a  s p h e r i c a l l y  shaped body a t  X = 0 . Also ,  no te  t h a t  

Using t h e s e  c o n d i t i o n s  t h e  g l o b a l  c o n t i n u i t y  e q u a t i o n  can  be r e w r i t  t e n .  

Globa l  c o n t i n u i t y  (S .L.) 

The s p e c i e s  c o n t i n u i t y  e q u a t i o n  can be r e w r i t t e n  by s u b t r a c t i n g  t h e  g l o b a l  

c o n t i n u i t y  E q .  4.52 from t h e  l e f t  hand s i d e  of Eq. 4 .53 .  



N o t i n g  t h a t  a t  X = O t  U - 0  and u s i n g  Eq. 4.90 i n  Eq .  4.92 y i e l d s  

o r  by n o t i n g  dKN = K 

dY 

Now c o n s i d e r  t h e  X - momentum E q .  4.54 

By e v a l u a t i n g  t h e  above  e q u a t i o n  a t  X = O  , r e l a t i v e l y  l i t t l e  i n f o r m a t i o n  

i s  o b t a i n e d .  Along t h e  s t a g n a t i o n  l i n e  U m O  f o r  a l l  Y ; t h e r e f o r e  

Using  t h i s  i n f o r m a t i o n  i n  Eq. 4.54 y i e l d s  

which a g r e e s  i d e n t i c a l l y  w i t h  t h e  Rankine-Hugoniot  e q u a t i o n s  f o r  a s y m m e t r i c a l  

shock  ( i . e .  C$ = 0 a t  X = O ) . The r e d u c t i o n  o f  Eq. 4.54 t o  4.96 a l o n g  

t h e  s t a g n a t  i on  l i n e  y i e l d s  t h e  e x p e c t e d  p h y s i c a l  i n t e r p r e t a t  i o n  t h a t  no momen- 

tum is  t r a n s f e r e d  i n  t h e  X -  d i r e c t  i o n  a t  t h e  s t a g n a t i o n  l i n e .  R a t h e r  t h a n  

u s i n g  t h i s  r educed  form o f  t h e  momentum e q u a t i o n  t h e  r a t e  o f  change  o f  momentum 



i n  t h e  X- d i r e c t i o n  is u s u a l l y  u s e d .  T h e r e f o r e  l e t  u s  d i f f e r e n t i a t e  t h e  

X - momentum e q u a t i o n  w i t h  r e s p e c t  t o  X a n d  d e t e r m i n e  i t s  l i m i t i n g  f o r m  a l o n g  

t h e  s t a g n a t i o n  l i n e .  

A f t e r  some m a n i p u l a t i o n  a n d  s u b s t i t u t i o n  f o r  l i m i t  q u a n t i t i e s  E q .  4 . 9 7  r e d u c e s  

t o  

F o r  s u b s t i t u t i o n  i n t o  E q .  4.98 t h e  (S.L.) g l o b a l  c o n t i n u i t y  Eq .  4 . 9 1  may b e  

r e w r i t t e n .  

du - = I d - ( v )  + K V  
d x - [ P  dY 1 (4 .99)  

+ 2.~1 
P dY 



Combining E q s .  4 . 9 8  and 4 .99  y i e l d s  

X - Momentum (S.L.) 

T h i s  i s  a t h i r d  o r d e r  inhomogenous o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  where t h e  

r a t e  o f  change  o f  t h e  p r e s s u r e  g r a d i e n t  i n  t h e  X - d i r e c t i o n s  i s  a n  u n s p e c i -  

f i e d  f u n c t i o n  o f  y. 

The y -  momentum e q u a t i o n  can  be  e v a l u a t e d  d i r e c t l y  by  s u b s t i t u t i o n  o f  

t h e  s t a g n a t i o n  l i n e  l i m i t  q u a n t i t i e s .  The S.L. normal momentum e q u a t i o n  t o  

o r d e r  p2 is  

V - Momentum (S.L.) 
a 

where t h e  t e r m s  i n  t h e  b r a c k e t s  a r e  t h e  t e r m s  o f  o r d e r  p2. By d r o p p i n g  

t h e s e  t e rms  o n l y  t e r m s  o f  o r d e r  p r e m a i n .  S i n c e  some o f  t h e  t e rms  o f  o r d e r  



h a v e  b e e n  e x p a n d e d  i n  E q .  4 . 1 0 1  a f e w  o f  t h e  terms w i l l  combine .  

It is o b v i o u s  t h a t  e i t h e r  w i t h  o r  w i t h o u t  t h e  s e c o n d  o r d e r  terms t h e  Y -  
momentum e q u a t i o n  is  s e c o n d  o r d e r ,  inhomogenous , o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  

w i t h  v a r i a b l e  c o e f f i c i e n t s .  G i v e n  a s o l u t i o n  t o  t h e  e n e r g y  e q u a t i o n  ( i . e .  

a n  e n t h a l p y  o r  t e m p e r a t u r e  p r o f i l e )  i n  p r i n c i p l e  t h e  X" a n d  Y' momentum e q u a -  

t i o n s  c o u l d  b e  s o l v e d  f o r  t h e  n o r m a l  v e l o c i t y  a n d  t h e  n o r m a l  p r e s s u r e  g r a d i e n t  

g i v e n  t h e  rate o f  c h a n g e  o f  t h e  p r e s s u r e  g r a d i e n t  i n  t h e  X -  d i r e c t i o n  as a 

f u n c t i o n  o f  y. 
The e n e r g y  Eq .  4 . 5 7  c a n  b e  r e d u c e d  t o  t h e  S . L .  e n e r g y  e q u a t i o n  b y  i n s p e c -  

t i o n .  

T h i s  is  a s e c o n d  o r d e r ,  o r d i n a r y  i n t e g r o d i f f e r e n t i a l  e q u a t i o n .  It i s  i n t e r e s t i n g  

t o  n o t e  t h a t  t h e  S.L. e n e r g y  e q u a t i o n  h a s  n o  v i s c o u s  d i s s i p a t i o n  terms i n  i t .  

The S.L.  c o n s e r v a t i o n  e q u a t i o n ,  o b t a i n e d  f r o m  t h e  T.S.L. e q u a t i o n s ,  are 

a set  o f  f o u r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  i n  f i v e  unknowns ( i . e .  /3 , 
V , H , P and  Ci ) . I n  a d d i t  i o n  t o  t h e  c o n s e r v a t i o n  e q u a t i o n s ,  t h e  

c a l o r i c  e q u a t i o n  o f  s t a t e  i s  a v a i l a b l e  t o  p r o v i d e  a n o t h e r  i n d e p e n d e n t  



e q u a t i o n .  The g l o b a l  c o n t i n u i t y  e q u a t i o n  was used  t o  e l i m i n a t e  t h e  t a n g e n t i a l  

v e l o c i t y  g r a d i e n t  i n  t h e  .momentum e q u a t i o n s  and t h e r e f o r e  is  n o t  needed i n  

a s o l u t i o n  o f  t h e  S . L . e q u a t i o n s .  It can  be  used  p o s t  p r i o r i  t o  p r o v i d e  i n i t i a l  
P 

c o n d i t i o n s  f o r  t h e  T.S.L e q u a t i o n s .  Fo r  a S . L . s o l u t i o n  t h e  r a t e  o f  change  

o f  t h e  p r e s s u r e  g r a d i e n t  i n  t h e  t a n g e n t i a l  d i r e c t i o n  must  be s p e c i f i e d  as 

a f u n c t i o n  o f  t h e  normal  d i r e c t i o n .  Comment on how t h i s  might  be s p e c i f i e d  

is r e s e r v e d  u n t i l  we have  c o n s i d e r e d  t h e  r e d u c t i o n  o f  t h e  B.L. e q u a t i o n s  t o  

S  .L. e q u a t i o n s .  

The f i r s t  o r d e r  bounda ry  l a y e r  e q u a t i o n s  c a n  be  e v a l u a t e d  a t  t h e  s t a g n a -  

t i o n  l i n e  b y  k e e p i n g  o n l y  f i r s t  o r d e r  t e r m s  and d r o p p i n g  normal  c u r v a t u r e  

e f f e c t s  i n  t h e  t h i n  s h o c k  l a y e r  S.L. e q u a t i o n s .  The r e s u l t i n g  e q u a t i o n s  

a r e  : 

G l o b a l  c o n t i n u i t y  (B .L., S .L .) 

S p e c i e s  c o n t i n u i t y  (B.L., S.L.) 

X - Momentum (B.L., S.L.) 

d (- I d  - (PV))  ' %4)] - p v n  p a y  & [' (7 dY 

v - Momentum (B.L., S.L.) 
J 



(B.L., S.L.1 

dP d2p is  a c o n s t a n t  S i n c e  - = 0 FOR ALL Y AT X = 01 - 
dY d  x2 

and may be  e v a l u a t e d  a t  a n y  Y s t a t  i o n .  I f  t h e  B.L. e q u a t i o n s  a r e  e v a l u a t e d  

o v e r  t h e  whole shock  l a y e r  as done  a t  t h e  S.L.by D i r l i n g ,  Rigdon and Thomas 

Ref .  4.20 we may u s e  t h e  Rankine-Hugoniot  r e l a t i o n s  t o  d e t e r m i n e  t h i s  c o n s t a n t .  

From Eq. 4 .81  t h e  d i m e n s i o n a l  p r e s s u r e  beh ind  t h e  s h o c k  c a n  b e  e x p r e s s e d  

d i f f e r e n t i a t i n g  we g e t  

a t  X = 0, # = 0 b y  symmetry. T h e r e f o r e  

I n  o r d e r  t o  g e t  t h e  B.L. momentum e q u a t i o n  i n t o  a more common form l e t  u s  

e x p r e s s  t h e  r a t e  o f  change  o f  t h e  p r e s s u r e  g r a d i e n t  i n  terms o f  t h e  v e l o c i t y  

g r a d i e n t  beh ind  t h e  shock .  From Eq. 4 . 7 5 ,  t h e  d i m e n s i o n a l  t a n g e n t i a l  v e l o c i t y  

b e h i n d  t h e  shock  is  

SIN $ COS E + P COS SIN E 



f rom which we c a n  o b t a i n  

The r a t e  o f  change o f  t h e  p r e s s u r e  g r a d i e n t ,  E q .  4 .111,  c a n  b e  r e w r i t t e n  i n  

t e r m s  o f  t h e  v e l o c i t y  g r a d i e n t .  

2 

= -2pr(l--P) ' - - ("1 ] (4,113) 
\ ax ,, u-p ax, 

I f  t h e  shock  i s  assumed t o  be  c o n c e n t r i c  t o  t h e  body a t  X = O  t h e n  

T h i s  g i v e s  a Newtonian v e l o c i t y  g r a d i e n t  u s e d  i n  many B.L. a n a l y s i s .  I n s t e a d  

o f  a p p l y i n g  t h i s  c o n d i t i o n  b e h i n d  t h e  shock  most a n a l y s e s  a p p l y  t h i s  c o n d i t i o n  

a t  t h e  edge  o f  t h e  B.L. which i s  a t  some i n t e r m e d i a t e  s t a t i o n  be tween t h e  shock  

and body.  Us ing  t h e  c o n c e n t r i c  a s s u m p t i o n  Eq. 4.106 may be w r i t t e n  

X-- Momentum (B.L., S.L.) 

It h a s  been  d e m o n s t r a t e d  t h a t  t h e  t h i n  shock  l a y e r  and boundary  l a y e r  

e q u a t i o n s  c a n  be r educed  t o  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  a l o n g  t h e  S.L. 

w i t h o u ~  r e s o r t i n g  t o  s i m i l a r i t y  t r a n s f o r m a t i o n s .  By d o i n g  s o  one  i m p o r t a n t  

d i f f e r e n c e  i n  t h e  r e s u l t i n g  two s e t s  h a s  become a p p a r e n t .  The s t a g n a t i o n  l i n e  

B.L. e q u a t i o n s  a r e  c o m p l e t e l y  s p e c i f i e d  by  boundary  c o a d i t  i o n s  a t  t h e  s u r f a c e  

and o u t e r  e d g e .  However, a n  unknown f u n c t i o n  o f  y r ema ins  i n  t h e  T.S.L. 

e q u a t i o n s  which canno t  be de t e r rn incd ,  w i t h o u t  a p p r o x i m a t i o n ,  by o u t e r  and  

i n n e r  boundary  c o n d i t i o n s .  The unde te rmined  f u n c t i o n  as s t a t e d  p r e v i o u s l y  is 



T h i s  f u n c t i o n  l i k e  t h e  r a t e  of  change of  t h e  shock a n g l e  i s ,  by p h y s i c a l  

i n t e r p r e t a t i o n ,  determined by t h e  f low downstream. The downstream f low is  

t o  be c a l c u l a t e d  by s p e c i f y i n g  t h e s e  S.L. c o n d i t i o n s  such t h a t  i n i t i a l  con- 

d i t i o n s  may be de te rmined .  The problem is  compl icated f u r t h e r  by t h e  f a c t  

t h a t  t h e r e  i s  no a p p a r e n t  t h e o r e t i c a l l y  based means of i t e r a t i n g  on t h i s  

f u n c t i o n  such t h a t  i t  could  be assumed and c o r r e c t e d  u n t i l  some s a t i s f a c t o r y  

convergence is  o b t a i n e d .  The d e r i v a t i o n  o f  t h e  S .L. boundary l a y e r  e q u a t i o n s  

demons t ra tes  t h a t  t o  a f i r s t  approx imat ion  t h e  f u n c t i o n  F(Y) is a  c o n s t a n t  

which can be e v a l u a t e d  a t  t h e  shock by s p e c i f y i n g  t h e  shock geometry.  F o r  

u s u a l  boundary l a y e r  problems t h e  edge t a n g e n t i a l  v e l o c i t y  g r a d i e n t  i s  s p e c i -  

f i e d  r a t h e r  than  t h e  r a t e  of  change o f  t h e  p r e s s u r e  g r a d i e n t  a t  t h e  B,L. 

edge .  The v e l o c i t y  g r a d i e n t  h a s  been c o r r e l a t e d  as a f u n c t i o n  o f  f l i g h t  

c o n d i t i o n s  and body shape f o r  many c a s e s  t o  be used i n  b l u n t  body B.L. s o l u -  

t i o n s  i n  o r d e r  t o  s p e c i f y  t h i s  unknown downstream i n f l u e n c e  a p r i o r i .  - 

I n  shock  l a y e r  s o l u t i o n s  t h e  shock wave h a s  been c o n s i d e r e d  c o n c e n t r i c  

by R e f s .  4 . 3 ,  4 . 4 ,  4 . 9 ,  4 . 1 0 ,  4 . 1 6 ,  4 .18 ,  4 .19 ,  4.20 and many o t h e r s .  F u r t h e r -  

more, most o f  t h e s e  a n a l y s e s  s e t  t h e  f u n c t i o n ,  E q .  4 .116,  e q u a l  t o  a  c o n s t a n t .  

The f u l l  e x t e n t  of  i n f l u e n c e  o f  t h e s e  assumpt ions  h a s  not  been determined f o r  

r a d i a t i o n  and a b l a t i o n  coupled f lows a l t h o u g h  some r a d i a t i v e  coupled r e s u l t s  

a r e  p r e s e n t e d  i n  R e f .  4 .21.  T h i s  is  t h e  p o i n t  where e n g i n e e r i n g  judgement 

and o r  e x p e r i m e n t a l  r e s u l t s  must be used i n  o r d e r  t o  make t h e  mathemat ica l  

model u s e f u l .  
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SECTION V 

TRANSPORT AND THERMODYNAMIC PROPERTIES 

T r a n s p o r t  and Thermodynamic P r o p e r t i e s  

The r e l i a b i l i t y  o f  t h e  f low f i e l d  c a l c u l a t i o n s  i n  t h e  c u r r e n t  stueP-9- 

i s  h i g h l y  dependent on t h e  v a l u e s  used f o r  t h e  v a r i o u s  t r a n s p o r t  and thermo- 

dynamic p r o p e r t i e s .  With t h i s  i n  mind, it is  d e s i r a b l e  t o  a t t a i n  t h e  u l t i m a t e  

i n  a c c u r a c y ;  however, some c o m p l i c a t i o n s  do  e x i s t .  There  is  v e r y  l i t t l e  

d a t a  i n  t h e  t empera tu re  range o f  i n t e r e s t  i n  t h i s  work, and t h e  d a t a  t h a t  d o e s  

e x i s t  is  s u b j e c t  t o  some s c r u t i n y  due t o  e x p e r i m e n t a l  d i f f i c u l t i e s  a t  t h e s e  

h i g h e r  t e m p e r a t u r e s .  T h e r e f o r e ,  i t  becomes n e c e s s a r y  t o  r e l y  h e a v i l y  o n  

r i g o r o u s  k i n e t i c  t h e o r y  f o r  t h e  e s t i m a t i o n  o f  t h e s e  p r o p e r t i e s .  

G e n e r a l l y ,  i n v e s t i g a t o r s  i n  t h i s  a r e a  have r e s o r t e d  t o  t h e  c l a s s i c a l  

Chapman-Enskog k i n e t i c  t h e o r y  r e l a t i o n s  f o r  e s t i m a t i o n  o f  t h e  r e q u i r e d  t r a n s -  

p o r t  p r o p e r t i e s .  The m o d i f i c a t i o n  of  t h e s e  r e l a t i o n s h i p s  t o  accoun t  f o r  

po lya tomic  r e a c t i n g  m i x t u r e s  r e s u l t s  i n  v e r y  cumbersome e q u a t i o n s .  I n  some 

c a s e s ,  a s  w i l l  be shown, t h e r e  a r e  s i m p l i f i c a t i o n s  which can b e  a p p l i e d  

w i t h o u t  s u b s t a n t i a l  l o s s  i n  a c c u r a c y .  At t h i s  p o i n t ,  i t  becomes d e s i r a b l e  

t o  o p t i m i z e  between a c c u r a c y  and computat ion t ime .  A wide v a r i e t y  of  methods 

f o r  e s t i m a t i o n  of t h e s e  p r o p e r t i e s  h a s  been developed i n  j u s t  t h i s  manner. 

I n  t h i s  work, a n  a t t e m p t  h a s  been made t o  combine some advan tages  o f  e a c h  

o f  t h e s e  methods i n t o  one f o r  optimum r e s u l t s  t o  a c c u r a t e l y  compute h i g h  temper- 

a t u r e  t r a n s p o r t  p r o p e r t i e s  w i t h  r e a s o n a b l e  computa t iona l  convenience .  The 

p r o p e r t i e s  t o  be d i s c u s s e d  i n  t h i s  s e c t i o n  a r e  mix tu re  v i s c o s i t y  c o e f f i -  

c i e n t s ,  the rmal  c o n d u c t i v i t y  o f  polyatomic  r e a c t i n g  m i x t u r e s ,  mult icomponent 

d i f f u s i o n ,  h e a t  c a p a c i t y  and e n t h a l p y .  

V i s c o s i t y  C o e f f i c i e n t s  

From f i r s t  o r d e r  k i n e t i c  t h e o r y  t h e  c o e f f i c i e n t  o f  v i s c o s i t y  o f  a pure 

monatomic g a s  can be g iven  by t h e  f o l l o w i n g  r e l a t i o n s h i p  from H i r s c h f e l d e r ,  

e t  al . ,  Ref .  5.9 (p. 528) : 

pi X 104 266.93 g/cm - sec 

of i(2'21 



where 

T - - temperature,  OK 

Mi - -- molecular weight of i 
I 

CTi - -- c o l l i s i o n  diameter of spec i e s  i, A 
= Lennard- Jones c o l l i s i o n  i n t e g r a l  f o r  v i s c o s i t y ,  a func t ion  ii 

of reduced temperature,  k c p i  

€i 
- - c h a r a c t e r i s t i c  i n t e r a c t i o n  energy ( a  Lennard-Jones parameter) 

The bas i c  concepts of these  c o l l i s i o n  p r o p e r t i e s  have been d iscussed  exten-  

s i v e l y  by var ious  au thors ,  Ref. 5.9, 5.12. 

The c o e f f i c i e n t  of v i s c o s i t y  f o r  b ina ry  mixtures  can be c a l c u l a t e d  by a 

s i m i l a r  equa t ion ,  Ref.  5 .9 (p. 529) . 

where 

Although the  above formula was derived f o r  monatomic gases ,  it has  a l s o  

been found t o  be "remarkably accu ra t e  f o r  polyatomic gases",  Ref.  5 .3  (p.  23) . 
The c a l c u l a t i o n  of v i s c o s i t y  f o r  multi-component gas mixtures according 

t o  r igorous  k i n e t i c  theory  r e s u l t s  i n  the eva lua t ion  of the fol lowing equa t ion ,  

Ref .  5 .9 (p. 531): 



where 

and 

(1,l) where t h e  q u a n t i t y  fiik is  t h e  Lenna rd - Jones  c o l l i s i o n  i n t e g r a l  f o r  d i f f u s i o n .  

AS w i l l  be  s u b s e q u e n t l y  d i s c u s s e d ,  Aij c a n  be t a k e n  e q u a l  t o  5/3 and t h e  r e s u l t  

is t h a t  t h e  n o n - d i a g o n a l  e l e m e n t s  v a n i s h .  Expans ion  o f  t h e  r e m a i n i n g  d e t e r -  

minan t s  g i v e s :  



It h a s  been shown by Buddenberg a ~ d  Wilke ,  Ref .  5 . 5 ,  t h a t  Eq.  5 . 7  p r o v i d e s  

a v e r y  good approx imat ion  t o  t h e  r i g o r o u  s r e p l a c e d  by 

1 .355 ,  The r e s u l t i n g  e q u a t i o n  i s  then  

The use  o f  Eq. 5.8 now p e r m i t s  a s imple  e s t i m a t e  of  m i x t u r e  v i s c o s i t i e s  wi th -  

o u t  r e s o r t i n g  t o  t h e  e v a l u a t i o n  o f  d e t e r m i n a n t s .  

Thermal C o n d u c t i v i t i e s  of Polyatomic  R e a c t i n g  Mix tu res  

The f o l l o w i n g  e q u a t i o n  is sugges ted  by H i r s c h f e l d e r ,  R e f .  5 . 9  (p.  5 3 4 ) ,  

f o r  c a l c u l a t i o n s  i f  s p e c i e s  t h e r m a l  c o n d u c t i v i  i n e r t ,  monatomic g a s e s  

where kmono is  t h e  the rmal  c o n d u c t i v i t y  i n  g -ca l l cm s e c  OK, T is  t h e  a b s o l -  

u t e  t empera tu re  i n  Mi t h e  molecu la r  weight  of  i,Qi t h e  l o w - v e l o c i t y  c o l -  

l i s i o n  d i a m e t e r  i n  ll and 
~ ( 2 , 2 )  

is t h e  reduced c o l l i s i o n  i n t e g r a l .  

Polyatomic  the rmal  c o n d u c t i v i t i e s  can be o b t a i n e d  by m u l t i p l y i n g  Eq. 5.9 

by a n  a p p r o p r i a t e  Eucken-type c o r r e c t  i o n ,  R e f .  5 . 3 ,  which a c c o u n t s  f o r  t h e  

t r a n s f e r  o f  ene rgy  between i n t e r n a l  d e g r e e s  of  freedom and t r a n s l a t i o n a l  

mot ion.  Applying a Eucken-type c o r r e c t i o n ,  t h e  the rmal  c o n d u c t i v i t y  of  

a  polyatomic  g a s  can be w r i t t e n  as ,  

C( =:= k m m  + k i n t  (5 . 10) 



where k i n t  is t h e  the rmal  c o n d u c t i v i t y  c o n t r i b u t i o n  due  t o  t h e  i n t e r n a l  

d e g r e e s  of  polyatomic molecu les .  

S i m i l a r l y  t h e  t h e r m a l  c o n d u c t i v i t i e s  of  m i x t u r e s  of  polyatomic  molecu les  

can be determined from 

kmix= kmono-mix + k i n t - m i x  

Using t h e  same a v e r a g i n g  p rocedure  as i n  Eq. 5 . 8 ,  ~ A =  - 

kmono-mix 
IR T i=l y, + 1.385Pi - 
Mi 

k mono-mix 
yi 'imono (5.12) 

IRT " Yi Y i=l yi + 1.385Pi -I(- - -) 
Mi k-1 lDik IDii 

where k i  i s  c a l c u l a t e d  w i t h  ~ q .  5 .9 .  

I n  Ref .  5.10 (p.  366) ,  H i r s c h f e l d e r  shows t h a t  

k in t -mix  

where ki 6 ' p i  5 
= ,, - IR 

i n t  r ) Ai,i - p i  Mi 

The q u a n t i t y ,  Al,i, is d e f i n e d  by Eq.  5 . 5 .  Gomez, R e f .  5 . 8 ,  r e p o r t s  t h a t  AiVi 
is approx imate ly  c o n s t a n t  f o r  a  wide range of  t e m p e r a t u r e s  (500-70000K). 

Typmcal v a l u e s  a r e  Ahi = 1.10 i n  R e f .  5 . 1 1  and = 1 . 1 3  i n  R e f .  5 . 1 .  



Equa t ions  5 . 4  through 5 . 7  can be combined t o  g i v e  

I n  r e a c t i n g  sys tems ,  thermal  c o n d u c t i v i t i e s  may be c o n s i d e r a b l y  h i g h e r  

t h a n  i n  "f rozen"  o r  "non-react ing"  sys tems .  T h i s  behav io r  h a s  been d i s c u s s e d  

i n  d e t a i l  i n  a  work by Brokaw, R e f .  5 . 4 .  Molecules  t h a t  d i f f u s e  because  o f  

c o n c e n t r a t i o n  g r a d i e n t s  t r a n s f e r  h e a t  i n  t h e  form of  chemical  e n t h a l p y .  

These g r a d i e n t s  e x i s t  because  t h e  g a s  compos i t ion  v a r i e s  w i t h  t e m p e r a t u r e .  

A g a s  may a b s o r b  h e a t  by d i s s o c i a t i n g  as t h e  t empera tu re  i s  r a i s e d ;  h e a t  is  

t h e n  t r a n s f e r r e d  a s  t h e  molecules  d i f f u s e  t o  a  low tempera tu re  r e g i o n  and 

recombine r e l e a s i n g  t h e  h e a t  absorbed a t  t h e  h igh  t e m p e r a t u r e .  

Rigorous  e q u a t i o n s  have been d e r i v e d  t h a t  p r e d i c t  t h e  the rmal  conduc- 

t i v i t y  of  r e a c t i n g  g a s  m i x t u r e s ,  R e f .  5 . 6 .  These e q u a t i o n s  become v e r y  i n -  

volved f o r  a n y t h i n g  bu t  t h e  s i m p l e s t  s y s t e m s ,  which makes t h e i r  use  imprac- 

t i c a l .  However, a s i m p l i f i c a t i o n  does  e x i s t .  It h a s  been shown i n  R e f .  5 . 6  

t h a t  t h e  r a t i o  of  t h e  e q u i l i b r i u m  the rmal  c o n d u c t i v i t y  t o  e q u i l i b r i u m  h e a t  

c a p a c i t y  is " n e a r l y  equa l"  t o  t h e  r a t i o  of  f r o z e n  the rmal  c o n d u c t i v i t y  and 

h e a t  c a p a c i t y .  Using t h i s  p r o p e r t y ,  t h e  the rmal  c o n d u c t i v i t y  of  a  r e a c t i n g  

mix tu re  o f  polyatomic  s p e c i e s  could  be e s t i m a t e d  from 

D i f f u s i o n a l  C o e f f i c i e n t s  

From t h e  f i r s t - o r d e r  k i n e t i c  t h e o r y ,  b i n a r y  d i f f u s i o n  c o e f f i c i e n t s  a r e  

e x p r e s s i b l e  w i t h  t h e  f o l l o w i n g  r e l a t i o n s h i p  from B i r d ,  e t  a l . ,  R e f .  5 . 3  

( p .  539) : 



where fi i s  t h e  Lennard-Jones c o l l i s i o n  i n t e g r a l  f o r  d i f f u s i o n .  By com- 

b i n i n g  t h i s  e q u a t i o n  w i t h  E q .  5 . 5 ,  t h e  f o l l o w i n g  r e l a t i o n s h i p  i s  o b t a i n e d :  

The mass d i f f u s i o n  f l u x e s  are g i v e n  i m p l i c i t l y  i n  H i r s c h f e l d e r ,  et &. , 
Ref .  5 . 6  ( p .  718) ,  by  t h e  Stefan-Maxwell  r e l a t i o n s .  

where 

= mole f r a c t i o n  of  s p e c i e s  i 

- 
Ji,Y - mass f l u x  by molecu la r  d i f f u s i o n  

IDij = b i n a r y  d i f f u s i o n  c o e f f i c i e n t  of  s p e c i e s  i and j 

Ci mass f r a c t i o n  o f  s p e c i e s  i 

Use o f  t h e s e  r e l a t i o n s  w i t h  t h e  boundary l a y e r  c o n s e r v a t i o n  e q u a t i o n s  i s  

awkward even i n  t h e  absence o f  t h e r m a l  d i f f u s i o n  e f f e c t s  as a r e s u l t  o f  t h e  

i m p l i c i t  b e h a v i o r  o f  Jity on mole f r a c t i o n s  and t h e i r  g r a d i e n t s .  Fur the rmore ,  

t h e  Stefan-Maxwell  r e l a t i o n s  canno t  be a r r a n g e d  i n t o  a n  e x p l i c i t  r e l a t i o n s h i p  

f o r  Ji,Y through i n t r o d u c t i o n  o f  IDij because  t h e  c o n t r i b u t i o n s  o f  s p e c i e s  i 

and j t o  t h e  b i n a r y  d i f f u s i o n  c o e f f i c i e n t  a r e  i n s e p a r a b l e .  

I n  R e f .  5 . 2 ,  B i rd  showed t h a t  a  b i f u r c a t i o n  ( s e p a r a t i o n )  of t h e  e f f e c t s  

of  s p e c i e s  i and j pe rmi t s  e x p l i c i t  s o l u t i o n  o f  t h e  Stefan-Maxwell  r e l a t i o n s  

f o r  Ji i n  terms of g r a d i e n t s  and p r o p e r t i e s  o f  s p e c i e s  i and of  t h e  sys tem 

a s  a  whole .  The e m p i r i c a l  approx imat ion  used f o r  t h i s  s i m p l i f i c a t i o n  was 



where 

= t h e  c o e f f i c i e n t  o f  s e l f  d i f f u s i o n  o f  a s e l e c t e d  r e f e r e n c e  s p e c i e s  

6 6 = d i f f u s i o n  f a c t o r s  f o r  s p e c i e s  i and j 

T h i s  r e l a t i o n s h i p  was a l s o  u sed  b y  K e n d a l l  a &, R e f .  5 . 1 ,  who found  

t h a t  B i r d  ' s app rox ima t  i o n  p rov ided  many computa t  i o n a l  c o n v e n i e n c e s  ( i n  p a r -  

t i c u l a r ,  s p e e d ,  s t o r a g e ,  and i n p u t  r e q u i r e m e n t s )  . I t s  a d a p t a t i o n  t o  a n  e x -  

p l i c i t  s o l u t i o n  o f  t h e  S tefan-Maxwel l  r e l a t i o n s  i s  a s t r o n g  p o i n t  i n  f a v o r  

o f  u s i n g  t h e  e m p i r i c a l  r e l a t i o n s h i p  i n  Eq .  5 . 2 0  f o r  d e t e r m i n i n g  d i f f u s i o n  

c o e f f i c i e n t s  i n  t h e  c u r r e n t  s t u d y .  

Us ing  E q .  5 . 2 0 ,  t h e  e x p l i c i t  s o l u t i o n  o f  t h e  S tefan-Maxwel l  r e l a t i o n s  

c a n  b e  deve loped  a s  shown i n  Appendix A. The r e s u l t  i s  e x p r e s s e d  as 

where 

zi = ~~'(1692 = M~t/~i$2 

It was found b y  K e n d a l l ,  R e f .  5 . 1 ,  a n d  c o n f i r m e d  by Gomez, R e f .  5 . 8 ,  t h a t  

i t  o f t e n  is  c o n s i s t e n t  w i t h  t h e  l e v e l  o f  t h e  a p p r o x i m a t i o n  t o  c o n s i d e r  6 i n -  

dependen t  o f  t e m p e r a t u r e .  Eq. 5.21 t h e n  becomes 



T h i s  r e l a t i o n s h i p  c a n  be modif ied  f o r  l a t e r  computa t iona l  convenience  t o  a 

form which i s  ana logous  t o  F i c k ' s  Law. The r e s u l t i n g  e x p r e s s i o n  is  

where 

Using Eqs.  5 .22  and 5.24 w i t h  t h e  p r e v i o u s  e q u a t i o n ,  it  i s  shown i n  Appendix 

C t h a t  

- 
C a l c u l a t i o n  of D and Fi : 

The r e f e r e n c e  d i f f u s i o n  c o e f f i c i e n t  is s imply  t h e  c o e f f i c i e n t  o f  s e l f -  

d i f f u s i o n  f o r  t h e  r e f e r e n c e  s p e c i e s .  

where t h e  v a r i a b l e s  a r e  d e f i n e d  a s  p r e v i o u s l y  done f o r  Eq. 5 .17.  Here t h e  

s u b s c r i p t  d e s i g n a t e s  a  r e f e r e n c e  s p e c i e s .  The Fi a r e  t h e n  determined 

by a l e a s t - s q u a r e s  c o r r e l a t i o n  of  IDij, c a l c u l a t e d  by means of ~ q .  5 .17 ,  f o r  

a l l  d i f f u s i n g  p a i r s  i n  t h e  chemical  sys tem of  i n t e r e s t .  Such a  method of  

c o r r e l a t i o n  i s  developed i n  Appendix B .  

For t h e  c u r r e n t  s t u d y  a n  e x p r e s s i o n  og t h e  thermodynamic d a t a  i n  poly-  

nomial form i s  d e s i r e d .  For  example: 



- - 
IRT 

C; = pure component hea t  capac i ty  a t  cons tan t  pressure  f o r  s tandard 
s t a t e  

h0 :O sum of s e n s i b l e  en tha lpy  and chemical energy of formation of a  
pure substance a t  s tandard s t a t e .  

The cons tan ts  f o r  t he  preceding equat ions ,  ca l cu la t ed  from polynomial curve- 

f i t s  of experimental d a t a ,  can be obtained from a  number of sources ,  Ref.  5 .11 

and 5.13. For h igher  temperatures ,  i . e .  8000-100,000°K, these  cons t an t s  can 

be obtained from c u r v e - f i t s  based on s t a t i s t i c a l  thermodynamic cons ide ra t ions .  

The r e l a t i o n s h i p s  requi red  f o r  these  c a l c u l a t i o n s  can be found i n  many sources ;  

Refs: 5.14, 5.15, 5 .16,  5 .17,  and 5.18. For gas mixtures ,  t he  fol lowing 

r e l a t i o n s h i p s  a r e  gene ra l ly  used, Ref. 5.9. 

mix = 1 ~ 4 ~  
j 
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SECTION V I  

SUMMARY 

In  t h e  preceding sec t ions  the  conserva t ion  equat ions  were 

developed wi th  p a r t i c u l a r  emphasis on maintaining g e n e r a l i t y  i n  the  

mass t r a n s p o r t ,  chemical r e a c t  ion,  and r a d i a t i o n  terms. The f l i g h t  

regimes f o r  hyperbol id e n t r y  and the  corresponding f l u i d  dynamic 

behavior were discussed t o  provide a  bases  f o r  an order  of  magnitude 

a n a l y s i s .  This provided a  sound foundat ion fo r  the d e r i v a t i o n  of the 

shock l a y e r  equat ion which govern the  phenomenon of c u r r e n t  i n t e r e s t .  

The shock l aye r  equat ions ,  which desc r ibe  the  flow between the  body 

and t h e  detached shock wave, were s t a t e d  both wi th  and without  second 

order  e f f e c t s .  Furthermore, the  c l a s s 4 c a l  boundary l aye r  equat ions 

were shown t o  be a  s imp l i f i ed  s e t  of shock l aye r  equat ions .  The 

shock l a y e r  and boundary l aye r  equat ion  which a r e  v a l i d  f o r  flow around 

the  body were reduced t o  s t agna t ion  l i n e  equat ions  by tak ing  appropri-  

a t e  l i m i t s .  The s t agna t ion  l i n e  equat ions  were d iscussed  i n  d e t a i l  

because of  t h e i r  importance on t h e i r  man r i g h t  and because they provide 

the  needed i n i t i a l  condi t ion  f o r  around t h e  body s o l u t i o n s .  I n  essence ,  

t he  problem has been defined and t h e  per tenent  equat ions  der ived .  

In  a d d i t i o n  t o  t he  f low-f ie ld  equat ions ,  boundary condi t ions  a t  

t he  shock wave and on the body's s u r f a c e  were descr ibed .  The boundary 

condi t ions  on the  body's su r f ace  were l e f t  q u i t e  genera l .  To spec i -  

f i c a t e l y  s t a t e  these  condi t ions  r e q u i r e s  a  mass, momentum and energy 

balance a t  t he  su r f ace .  In  t h i s  manner t he  flow f i e l d  c a l c u l a t i o n s  

and the  a b l a t o r  response c a l c u l a t i o n s  a r e  coupled. 

Emphasis was placed on the  d e r i v a t i o n  of the r a d i a t i v e  f l u x  d i -  

vergence term which appears i n  t he  energy equat ion.  The r a d i a t i v e  



t r a n s f e r  was modeled us ing  a  plane s l a b  approximation. Addit ional  work 

needs t o  be done t o  a s s e s s  the  r o l e  of curva ture  i n  determining the 

r a d i a t i v e  f lux  and f l u x  divergence. Moreover, the  e x i s t i n g  s o l u t i o n  

must be arranged i n  a  more s u i t a b l e  form f o r  c a l c u l a t i o n s  involving 

both l i n e  and continuum t r anspor t .  I n  order  t o  e x p l a i n  and demonstrate 

an appropr ia te  r a d i a t i v e  t r a n s p o r t  c a l c u l a t i o n  scheme the  l i n e  and com- 

tinuum t r a n s p o r t  mechanisms must be explored t h e o r e t i c a l l y ,  Fur ther -  

more, a v a i l a b l e  d a t a  of l i n e  s t r e n g t h s  and continuum absorp t ion  c ros s  

s e c t i o n s  must be compiled and put  i n t o  usable  form f o r  computer program 

usage. 

A t h e o r e t i c a l  base has been developed f o r  t he  c a l c u l a t i o n  of mass 

t r a n s p o r t ,  momentum t r anspor t  and thermodynamic p r o p e r t i e s  . Prime 

emphasis was placed on mass and momentum t r a n s p o r t  theory because of t he  

expected improvements i n  c a l c u l a t i o n  procedures f o r  t hese  mechanisms. 

Addit ional  work must be done t o  examine and demonstrate t he  appropr i -  

a t e  procedures.  

Based on t h i s  work and the  c u r r e n t  s t a t e  of t he  a r t ,  a  l o g i c a l  

sequence O£ f u r t h e r  developments can be s t a t e d  a s  fol lows:  F i r s t ,  

a  s t agna t ion  l i n e  s o l u t i o n  which includes the  e f f e c t s  of d i f f u s i o n ,  

f i n i t e  r a t e  chemistr  n  cou 

developed. This w i l l  provide both a  worthwhile s o l u t i o n  and a  means 

of checking ou t  d i f f u s i o n ,  chemistry and r a d i a t i o n  c a l c u l a t i o n  schemes. 

Secondly, an around t h e  body s o l u t i o n  which inc ludes  these  same mech- 

anisms could be developed. The s t agna t ion  l i n e  s o l u t i o n  should be used 

a s  i n i t i a l  condi t ions  f o r  the  around the  body caBculat ions.  In  both 

the  s t agna t ion  and around the  body s o l u t i o n  su r f ace  boundary condi t ions  

could be s p e c i f i e d  by mass, momentum, and energy balances a t  t he  su r f ace  

f o r  d i r e c t  cornpatabi l i ty  wi th  m a t e r i a l  response s o l u t i o n s .  

VI 2 



APPENDIX A 

DERIVATION OF SPECIES DIFFUSION FLUXES 

AS AN EXPLICIT FUNCTION 

This  appendix con ta ins  t he  development of an  e x p l i c i t  s o l u t i o n  

t o  t h e  Stefan-Maxwell equat ions f o r  t h e  d i f f u s i v e  mass f l u x e s  i n  

terms of g r a d i e n t s  and p r o p e r t i e s  of t h e  r e s p e c t i v e  spec i e s  and of 

t he  system a s  a  whole. The development of t h e s e  equat ions has  been 

previous ly  shown i n  much l e s s  d e t a i l  by Kendall  -- e t  a l . ,  i n  NASA 

CR-1063. The Stefan-Maxwell equat ions a r e  w r i t t e n  a s  fol lows:  

J 

The spec i e s  mass f r a c t i o n s  a r e  r e l a t e d  t o  t h e  mole f r a c t i o n s  by t h e  

fol lowing r e l a t i o n s h i p :  

S u b s t i t u t i n g  Eq. A-2 and t h e  b i f u r c a t i o n  r e l a t i o n s h i p ,  Eq. 5.20, 

i n t o  Eq. A-1 g i v e s  

which s i m p l i f i e s  t o  (dropping t h e  s u b s c r i p t  y  on Ji ) Y Y  

mul t ip ly ing  each s i d e  of Eq. A-3 by Mi/Fi and summing over a l l  i gives  



By noting that the sum of the mass fractions is unity and that the 

sum of the diffusive fluxes is zero, the following relationship is 

obtained from Eq. A-4: 

Substitution of Eq. A-5 into Eq. A-3 gives 

1 3 

Define the following new quantities: 

Multiplying Eq. A-7 by %and differentiating with respect t o p  gives 



Rearranging Eq. A-11, 

(A-P 2) 

Combining Eq. A-12 with Eq. A-6 gives 

Rearranging, 

and 



The following terms in Eq. A-15 can be rewritten as indicated: 

Substitution of Eqs. A-16, A-17 and A-18, into Eq. A-15 gives 

where is the mass flux due to molecular diffusion. 



APPENDIX B 

CORRELATION OF BIFURCATION FACTOR 

AND BINARY DIFFUSION COEFFICIENTS 

The least squares analysis which is developed in this appendix 

is used to determine the best empirical constants for the bifurcation 

relationship discussed in Section V. The bifurcation approximation 

is written as (Eq. 5.20) 

or in terms of logarithms, 

In Ref. 5.1, Kendall uses Fi in the form 

Substitutiqg Eq. B-3 into Eq. B-2 gives 

which is of the form 

Least squares analysis of this linear relationship results in 



where N = all possible interactions of species present, 

, k representing a particular combination (8-7) 

of species i and j, 

0-8) Yk=iog ID;, 

Having calculated B for a particular chemical system and a selected 

reference species (dependent upon a secondary best-fit analysis), the 

bifurcation factors are available from Eq. B-3. 



APPENDIX C 

SIMPLIFICATION OF THE RELATIONSHIP FOR EVALUATION 

OF EFFECTIVE MULTICOMPONENT DIFFUSION COEFFICIENTS 

The diffusive mass flux of species i can be calculated by means 

of Eq. 5.26. 

As will be shown it is more c~nvenient to express this flux in terms 

of an effective multicomponent diffusion coefficient and a concentration 

gradient. 

where 

Recalling from Eqs. 5.22 and 5.24 that 

and 

Since F ~ {  Fi (Ci), then 



where 

and 

Therefore the substitution Eqs. C-7 and C-8 into Eq. C-6 results 

in the following relationship: 

Substitution of Eqs. C-4, C-8 and C-9, into Eq. C-3 and combining terms 

gives 
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